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Definition

A word w on k € IN variables is an element of the free group Fx of rank k.
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Words

Definition
A word w on k € IN variables is an element of the free group Fx of rank k.

For every group G, the word w defines a map

W:Gx-l-(-XG—>G
(g1, 8k) —> wig1, ..., 8)

defined by substituting group elements for the variables.
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Words

Definition
A word w on k € IN variables is an element of the free group Fx of rank k.

For every group G, the word w defines a map

W:Gx-l-(-XG—>G
(g1, 8k) —> wig1, ..., 8)

defined by substituting group elements for the variables.

The set of w-values:

Gy ={w(x1,....xx) | xi € Gforalli=1,...,k}.
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Words

Definition
A word w on k € IN variables is an element of the free group Fx of rank k.

For every group G, the word w defines a map

W:Gx-l-(-XG—>G
(g1, 8k) —> wig1, ..., 8)

defined by substituting group elements for the variables.

The set of w-values:

Gy ={w(x1,....xx) | xi € Gforalli=1,...,k}.

The verbal subgroup of w in G: w(G) = (Gy).
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Conciseness of words
Definition

|Gy | < o0

A word w is concise in a class C of groups if for every G € C,
implies

w(G)| < co.
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Conciseness of words
Definition

A word w is concise in a class C of groups if for every G € C,

|Gy | < o0

Conjecture (P. Hall, '50s)

implies

w(G)| < co.

Every word is concise in the class of all groups.
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Conciseness of words
Definition

A word w is concise in a class C of groups if for every G € C,

|Gy | < o0

Conjecture (P. Hall, '50s)

implies

w(G)| < co.

Every word is concise in the class of all groups.

Theorem (P. Hall, '50s)

Every non-commutator word is concise in the class of all groups
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Abelian-by-polycyclic groups

Fact: if w is concise in C, then it is concise in the class of locally C-groups.
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Abelian-by-polycyclic groups

Fact: if w is concise in C, then it is concise in the class of locally C-groups.
Indeed, let G be locally-C and suppose

vg].k)v cc W(gnly

..,gnk)}.
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Abelian-by-polycyclic groups

Fact: if w is concise in C, then it is concise in the class of locally C-groups
Indeed, let G be locally-C and suppose

GW:{W(glll vg].k)v"'lw(gnly
Define H = (g11,

e)
, 8nk), so that H € C. Then, since H,, = G, is
finite, so is w(H) = w(G).

lker de las Heras

Conciseness of group words

D0

5/26



Abelian-by-polycyclic groups

Fact: if w is concise in C, then it is concise in the class of locally C-groups.
Indeed, let G be locally-C and suppose
GW = {W(gllv MR ] g].k)v LI ] W(gnlv .. vgnk)}

Define H = (g11, ..., &nk), so that H € C. Then, since H,, = G, is
finite, so is w(H) = w(G).

Theorem (Turner-Smith, 1966)

Every word is concise in the class of all group all of whose quotients are
residually finite.
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Abelian-by-polycyclic groups

Fact: if w is concise in C, then it is concise in the class of locally C-groups.
Indeed, let G be locally-C and suppose
GW = {W(gllv MR ] g].k)v LI ] W(gnlv .. vgnk)}

Define H = (g11, ..., &nk), so that H € C. Then, since H,, = G, is
finite, so is w(H) = w(G).

Theorem (Turner-Smith, 1966)

Every word is concise in the class of all group all of whose quotients are
residually finite.

In particular, every word is concise in the class of finitely generated
virtually abelian-by-polycyclic groups.
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Abelian-by-polycyclic groups and linear groups

Every word is concise in the class of:

@ Virtually abelian-by-polycyclic groups.
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Abelian-by-polycyclic groups and linear groups

Every word is concise in the class of:

@ Virtually abelian-by-polycyclic groups.
@ Virtually abelian-by-nilpotent groups.
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Abelian-by-polycyclic groups and linear groups

Every word is concise in the class of:

@ Virtually abelian-by-polycyclic groups.
@ Virtually abelian-by-nilpotent groups.

Theorem (Merzlyakov, 1967)

Every word is concise in the class of linear groups.
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Abelian-by-polycyclic groups and linear groups

Every word is concise in the class of:

@ Virtually abelian-by-polycyclic groups.
@ Virtually abelian-by-nilpotent groups.

Theorem (Merzlyakov, 1967)

Every word is concise in the class of linear groups.

Theorem (Wilson, 1974)

Every outer commutator word is concise in the class of all groups.
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A new conjecture

However, Hall's conjecture was refuted by lvanov in 1989.
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A new conjecture

However, Hall's conjecture was refuted by lvanov in 1989.

Theorem (lvanov, 1989)

The word w = [[xP", yP"]|", yP"|" is not concise in a certain (non-residually
finite) group for, big enough n, p € IN with n odd and p a prime.

Here, [x,y] = x 1y Ixy.
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A new conjecture

However, Hall's conjecture was refuted by lvanov in 1989.

Theorem (lvanov, 1989)

The word w = [[xP", yP"]|", yP"|" is not concise in a certain (non-residually
finite) group for, big enough n, p € IN with n odd and p a prime.

Here, [x,y] = x 1y Ixy.

Conjecture (Jaikin-Zapirain, 2008)

Every word is concise in the class of residually finite groups.
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Positive results

The following words are concise in the class of residually finite groups:
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Positive results

[..[x"

The following words are concise in the class of residually finite groups:
@ (Guralnick, Shumyatsky, 2018) Rational words. For example,
1 x] ™

,..‘,Xk]nk, with nq,

.., N €Z.
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Positive results

[ [xm

The following words are concise in the class of residually finite groups:
@ (Guralnick, Shumyatsky, 2018) Rational words. For example,
, x|

L. .,Xk]nk, with nq,

.., N €Z.
@ (Ferndndez-Alcober, Pintonello, 2023) 7y, (w4,
5,,(W1, ..

., wp) and

., wan), with n € N and w; non-commutator words.
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Positive results

[ [xm

The following words are concise in the class of residually finite groups:
@ (Guralnick, Shumyatsky, 2018) Rational words. For example,

,X2]"2, .. .,Xk]nk, with nq,

.., N €Z.
@ (Ferndndez-Alcober, Pintonello, 2023) 7y, (wy
5,,(W1, ..

wy,) and

., wan), with n € N and w; non-commutator words.
Here ’)/2(X1, X2) = 51 (Xl, X2>

[Xl, Xg] and
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Positive results

[ [xm

The following words are concise in the class of residually finite groups:
@ (Guralnick, Shumyatsky, 2018) Rational words. For example,
, x|

L. .,Xk]nk, with nq,

.., N €Z.
@ (Ferndndez-Alcober, Pintonello, 2023) 7y, (wy
5,,(W1, ..

..... wy,) and

., wan), with n € IN and w; non-commutator words
Here ’)/2(X1, X2) = 51 (Xl, X2> = [Xl, X2] and
r)’n(le < Xn) — [le

o xn) = [[[x1, x2], X3, -+ Xal,
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Positive results

The following words are concise in the class of residually finite groups:

@ (Guralnick, Shumyatsky, 2018) Rational words. For example,
[. .. [Xfl,X2]"2, e ,Xk]nk, with n, ..., ng € Z.

@ (Ferndndez-Alcober, Pintonello, 2023) yn(wy, ..., wy,) and

On(wa, ..., wan), with n € N and w; non-commutator words.
Here ’)/2(X1,X2) = 51(X1,X2> = [X1,X2] and

Yo(X1, oo Xn) = [x1, - x0] = [[[x1, x2], X3, - - -, Xn),

(Sn(Xl, coog Xgn) = [(Snfl(Xl, 000 ,in—l), (Snfl(infl_H, coog X2n)].
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Positive results

@ (Acciarri, Shumyatsky, 2024) w9 and [w9,y,."., y], with n,q € N
and w an outer commutator word.
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Positive results

@ (Acciarri, Shumyatsky, 2024) w9 and [w9,y,."., y], with n,q € N
and w an outer commutator word.

In particular, all Engel words are concise.
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Positive results

@ (Acciarri, Shumyatsky, 2024) w9 and [w9,y,."., y], with n,q € N
and w an outer commutator word.

In particular, all Engel words are concise.
@ (Acciarri, Shumyatsky, Thillaisundaram, 2014) Coprime v},
commutators, with n € IN.

and 67,

lker de las Heras

Conciseness of group words

it
5

) Q (

9/26



Positive results

@ (Acciarri, Shumyatsky, 2024) w9 and [w9,y,."., y], with n,q € N
and w an outer commutator word.

In particular, all Engel words are concise.
@ (Acciarri, Shumyatsky, Thillaisundaram, 2014) Coprime vy}, and ¢,
commutators, with n € IN.

Here, coprime commutator “more or less” means that we consider
commutators of the form [x, y] with (o(x),o(y)) = 1.
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Strong conciseness of words
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Strong conciseness of words

A profinite group is a topological group that is Hausdorff, compact and
totally disconnected.
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Strong conciseness of words

A profinite group is a topological group that is Hausdorff, compact and
totally disconnected.

Definition

Let C be a class of profinite groups. A word w is strongly concise in C if
|Gy | < 2% implies |w(G)| < 0.
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Strong conciseness of words

A profinite group is a topological group that is Hausdorff, compact and
totally disconnected.

Definition

Let C be a class of profinite groups. A word w is strongly concise in C if
|Gy | < 2% implies |w(G)| < 0.

Every word is concise in the class of all profinite groups. I
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Positive results

Only a few words are known to be strongly concise.

lker de las Heras

Conciseness of group words

D

11/26



Positive results

Only a few words are known to be strongly concise.

concise:

[x", z1,

Let C be the class of all profinite groups. The following words are strongly
@ (Detomi, Klopsch, Shumyatsky, 2020) Outer commutator words, x5,

.z and [x",y,y,z1,..., 2], withn € {2,3} and r > 0.
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Positive results

Only a few words are known to be strongly concise.

concise:

Let C be the class of all profinite groups. The following words are strongly

@ (Detomi, Klopsch, Shumyatsky, 2020) Outer commutator words, x5,
z| and [x",y,y, z1

z,], with n € {2,3} and r > 0.
@ (Khukhro, Shumyatsky, 2021) Engel words [x,y,.".,y] with n € N,
if G is finitely generated.
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Positive results

Only a few words are known to be strongly concise.

Let C be the class of all profinite groups. The following words are strongly
concise:

@ (Detomi, Klopsch, Shumyatsky, 2020) Outer commutator words, x°
VZ1a e, z| and X", y,y,z1,..., z,|, with n € {2,3} and r > 0.
@ (Khukhro, Shumyatsky, 2021) Engel words [x,y,.".,y] with n € N,

if G is finitely generated.
@ (Azevedo, Shumyatsky, 2021) The words w = [v,y,.".,y| and

w=ly,v,.7.,v], withn €N and v = y,(x1,..., Xn), if w(G) is

finitely generated.

’

lker de las Heras Conciseness of group words

11/26



Positive results

Only a few words are known to be strongly concise.

Let C be the class of all profinite groups. The following words are strongly
concise:

@ (Detomi, Klopsch, Shumyatsky, 2020) Outer commutator words, x5,

[x", z1,..., z| and X", y,y,z1,..., z,|, with n € {2,3} and r > 0.

@ (Khukhro, Shumyatsky, 2021) Engel words [x,y,.".,y] with n € N,
if G is finitely generated.

@ (Azevedo, Shumyatsky, 2021) The words w = [v,y,.".,y| and
w=ly,v,.7.,v], withn €N and v = y,(x1,..., Xn), if w(G) is
finitely generated.

@ (IH, Pintonello, Shumyatsky, 2023) Coprime 7y}, and 6}, commutators,
with n € IN.
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Classes of groups
concise in it?

Which classes C of profinite groups satisfy that every word is strongly
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Classes of groups

Which classes C of profinite groups satisfy that every word is strongly
concise in it?

Theorem (Detomi, 2022)

Every word is strongly concicse in the class of virtually nilpotent profinite
groups.
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Classes of groups

Which classes C of profinite groups satisfy that every word is strongly
concise in it?

Theorem (Detomi, 2022)

Every word is strongly concicse in the class of virtually nilpotent profinite
groups.

Is every word strongly concise in the class of:

o Linear profinite groups?
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Classes of groups

Which classes C of profinite groups satisfy that every word is strongly
concise in it?

Theorem (Detomi, 2022)

Every word is strongly concicse in the class of virtually nilpotent profinite
groups.

Is every word strongly concise in the class of:

o Linear profinite groups?

o Virtually abelian-by-nilpotent profinite groups?
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Classes of groups

Which classes C of profinite groups satisfy that every word is strongly
concise in it?

Theorem (Detomi, 2022)

Every word is strongly concicse in the class of virtually nilpotent profinite
groups.

Is every word strongly concise in the class of:

o Linear profinite groups?
o Virtually abelian-by-nilpotent profinite groups?
o Virtually abelian-by-polycyclic profinite groups?
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Classes of groups

Which classes C of profinite groups satisfy that every word is strongly
concise in it?

Theorem (Detomi, 2022)

Every word is strongly concicse in the class of virtually nilpotent profinite
groups.

Is every word strongly concise in the class of:

o Linear profinite groups?
o Virtually abelian-by-nilpotent profinite groups?
o Virtually abelian-by-polycyclic profinite groups? (What is this?)
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Definitions and analogies
Definition

An equation s of G in k variables is an element of the free product G * Fy.
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Definitions and analogies
Definition

An equation s of G in k variables is an element of the free product G * Fy.
As words or polynomials, equations can be seen as maps from G* to G.
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Definitions and analogies

Definition

An equation s of G in k variables is an element of the free product G * Fy.
As words or polynomials, equations can be seen as maps from G* to G.

Analogy: A polynomial f € K[Xy,..., Xk], where K is a field.
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Definitions and analogies

Definition

An equation s of G in k variables is an element of the free product G * Fy.
As words or polynomials, equations can be seen as maps from G* to G.

Analogy: A polynomial f € K[Xy,..., Xk], where K is a field.

Definition
Let S C G x Fi. The set of solutions of S in G¥ is

| A\

Ve(S) = {(g1,---.8x) € G| s(g1,...,gk) =1 forevery s € S}.

= = - - = A
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Definitions and analogies

Definition

An equation s of G in k variables is an element of the free product G * Fy.
As words or polynomials, equations can be seen as maps from G* to G.

Analogy: A polynomial f € K[Xi,..., Xk], where K is a field.

Definition
Let S C G x Fi. The set of solutions of S in G¥ is

| A\

Ve(S) = {(g1,---.8x) € G| s(g1,...,gk) =1 forevery s € S}.

This is called the algebraic set defined by S.

= = - - = ot
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Definitions and analogies

Definition

An equation s of G in k variables is an element of the free product G * Fy.
As words or polynomials, equations can be seen as maps from G* to G.

Analogy: A polynomial f € K[Xi,..., Xk], where K is a field.

Definition
Let S C G x Fi. The set of solutions of S in G¥ is

| A\

Ve(S) = {(g1,---.8x) € G| s(g1,...,gk) =1 forevery s € S}.
This is called the algebraic set defined by S.

Analogy: S C K[Xy,...,X,] and

V(S)={(x1,....xx) € KX | f(x1,...,xx) =1 forevery fc S}.

= = - = ot
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Definitions and analogies
Definition

that ING = 1.

An ideal | of G * Fy is either G *x F) or a normal subgroup of G * Fj such
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Definitions and analogies

Definition
An ideal | of G * Fy is either G *x F) or a normal subgroup of G * Fj such
that ING = 1.

Analogy: Ideal of K[X1,..., Xy].

D

u}
8
I
i
it

lker de las Heras Equationally Noetherian groups 15/26



Definitions and analogies

Definition
An ideal | of G * Fy is either G *x F) or a normal subgroup of G * Fj such
that ING = 1.

Analogy: Ideal of K[X1,..., Xy].

Definition
Let Y C GK. The ideal of equations vanishing at Y is

| A\

Ic(Y)={se€ GxFy|s(g1,....gx) =1forall (g1,...,8«) € Y}

= = - - = A
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Definitions and analogies

Definition
An ideal | of G * Fy is either G *x F) or a normal subgroup of G * Fj such
that ING = 1.

Analogy: Ideal of K[X1,..., Xy].

Definition

| A\

Let Y C GK. The ideal of equations vanishing at Y is

Ic(Y)={se€ GxFy|s(g1,....gx) =1forall (g1,...,8«) € Y}

It is an ideal of G * Fy.

= = - - = A
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Definitions and analogies

Definition

An ideal | of G * Fy is either G *x F) or a normal subgroup of G * Fj such
that ING = 1.

Analogy: Ideal of K[X1,..., Xy].

Definition

| A\

Let Y C GK. The ideal of equations vanishing at Y is

Ic(Y)={se€ GxFy|s(g1,....gx) =1forall (g1,...,8«) € Y}
It is an ideal of G * Fy.

Analogy: If Y C KX, the ideal of polynomials vanishing at Y’

I(Y)={f e K[Xt,....Xk] | f(x1,...,xx) =1forall (xi,...,x) € Y}.

= = = ot
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Definitions and analogies
Definition

Let Y C G be an algebraic set. The coordinate group T(Y) of Y is the
group G x Fi/Ig(Y).
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Definitions and analogies

Definition
Let Y C G be an algebraic set. The coordinate group T(Y) of Y is the
group G x Fi/Ig(Y).

Analogy: For an algebraic set V C KX, the coordinate ring
Y[ X1, Xe) 2 K[X1, .., Xe]Z1(Y).

A
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Definitions and analogies

Definition

Let Y C G be an algebraic set. The coordinate group T(Y) of Y is the
group G x Fi/Ig(Y).

Analogy: For an algebraic set V C KX, the coordinate ring
Y[ X1, Xe) 2 K[X1, .., Xe]Z1(Y).

Definition

The verbal topology of G* (also called Zariski topology) is the topology on
G* defined by taking as a sub-basis for the closed sets the algebraic sets of
G*k.
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Definitions and analogies

Definition

Let Y C G be an algebraic set. The coordinate group T(Y) of Y is the
group G x Fi/Ig(Y).

Analogy: For an algebraic set V C KX, the coordinate ring
Y[ X1, Xe) 2 K[X1, .., Xe]Z1(Y).

Definition

The verbal topology of G* (also called Zariski topology) is the topology on
G* defined by taking as a sub-basis for the closed sets the algebraic sets of
G*k.

Analogy: Zariski topology of K.
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Equationally Noetherian groups
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Equationally Noetherian groups

Recall that K[Xi, ..., Xk] is Noetherian. In particular, every ideal is
finitely generated.
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Equationally Noetherian groups

Recall that K[Xi, ..., Xk] is Noetherian. In particular, every ideal is
finitely generated.

This implies that for every algebraic set Y C K, we can find finitely many
polynomial fi,...,f, € K[X1,..., Xk] such that Y = V(f,..., f,).
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Equationally Noetherian groups

Recall that K[X1, ..., Xi] is Noetherian. In particular, every ideal is
finitely generated.

This implies that for every algebraic set Y C K, we can find finitely many
polynomial fi,...,f, € K[X1,..., Xk] such that Y = V(f,..., f,).

Definition
A group G is called equationally Noetherian if for every k € IN and every
subset S C G * F, there exists a finite subset Sg C S such that

Ve (S) = Ve (So).

u}
8
I
i
it
5
Pl

lker de las Heras Equationally Noetherian groups 17 /26



Equationally Noetherian groups

Equationally Noetherian groups have a good behaviour.

lker de las Heras

Equationally Noetherian groups

D

18/26



Equationally Noetherian groups

Equationally Noetherian groups have a good behaviour. For example:

For each integer k > 1, the verbal topology in G* is Noetherian (that is,
satisfies the descending chain condition on closed sets) if and only if G is
equationally Noetherian.
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Equationally Noetherian groups

Equationally Noetherian groups have a good behaviour. For example:

For each integer k > 1, the verbal topology in G* is Noetherian (that is,
satisfies the descending chain condition on closed sets) if and only if G is
equationally Noetherian.

Let G be an equationally Noetherian group. Then, there exists a finite
index normal verbally irreducible subgroup Gy < G.
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Equationally Noetherian groups

Equationally Noetherian groups have a good behaviour. For example:

For each integer k > 1, the verbal topology in G* is Noetherian (that is,
satisfies the descending chain condition on closed sets) if and only if G is
equationally Noetherian.

Let G be an equationally Noetherian group. Then, there exists a finite
index normal verbally irreducible subgroup Gy < G.

Analogy: Irreducible component Gy of an algebraic group.
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Equationally Noetherian groups

The following groups are equationally Noetherian:
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Equationally Noetherian groups

The following groups are equationally Noetherian:

@ Subgroups of equationally Noetherian groups.
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Equationally Noetherian groups

The following groups are equationally Noetherian:

@ Subgroups of equationally Noetherian groups.

@ (Baumslag, Myasnikov, Roman’kov, 1997) Virtually equationally
Noetherian groups.
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Equationally Noetherian groups

The following groups are equationally Noetherian:

@ Subgroups of equationally Noetherian groups.

@ (Baumslag, Myasnikov, Roman’kov, 1997) Virtually equationally
Noetherian groups.

@ (Sela, 2010) Free products of equationally Noetherian groups.
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Equationally Noetherian groups

The following groups are equationally Noetherian:

@ Subgroups of equationally Noetherian groups.
Noetherian groups.

@ (Baumslag, Myasnikov, Roman’kov, 1997) Virtually equationally

@ (Sela, 2010) Free products of equationally Noetherian groups.
groups.

@ (Valiunas, 2018) Certain graph products of equationally Noetherian
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Equationally Noetherian groups

The following groups are equationally Noetherian:
@ Subgroups of equationally Noetherian groups.

@ (Baumslag, Myasnikov, Roman’kov, 1997) Virtually equationally
Noetherian groups.

@ (Sela, 2010) Free products of equationally Noetherian groups.

@ (Valiunas, 2018) Certain graph products of equationally Noetherian
groups.

® (Groves, Hull, 2019) Hyperbolic groups relative to a collection of
equationally Noetherian subgroups.
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Equationally Noetherian groups

The following groups are equationally Noetherian:
@ Subgroups of equationally Noetherian groups.

@ (Baumslag, Myasnikov, Roman’kov, 1997) Virtually equationally
Noetherian groups.

@ (Sela, 2010) Free products of equationally Noetherian groups.

@ (Valiunas, 2018) Certain graph products of equationally Noetherian
groups.

® (Groves, Hull, 2019) Hyperbolic groups relative to a collection of
equationally Noetherian subgroups.

® (Valiunas, 2024) Free-by-cyclic groups.
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Equationally Noetherian groups

@ Linear groups.
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Equationally Noetherian groups

@ Linear groups.

Reason: The verbal topology is coarser than the Zariski topology.
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Equationally Noetherian groups

@ Linear groups.

Reason: The verbal topology is coarser than the Zariski topology.
@ (Bryant, 1977) Virtually abelian groups.
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Equationally Noetherian groups

@ Linear groups.

Reason: The verbal topology is coarser than the Zariski topology.
@ (Bryant, 1977) Virtually abelian groups.

Main reason: If H is finite, then Z[H] is Noetherian.
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Equationally Noetherian groups

@ Linear groups.
Reason: The verbal topology is coarser than the Zariski topology.

@ (Bryant, 1977) Virtually abelian groups.
Main reason: If H is finite, then Z[H] is Noetherian.

@ (Valiunas, 2021) Finitely generated virtually abelian-by-polycyclic
groups.
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Equationally Noetherian groups

@ Linear groups.
Reason: The verbal topology is coarser than the Zariski topology.

@ (Bryant, 1977) Virtually abelian groups.
Main reason: If H is finite, then Z[H] is Noetherian.

@ (Valiunas, 2021) Finitely generated virtually abelian-by-polycyclic
groups.

Main reason: (Hall, 1954) If H is virtually polycyclic, then Z[H] is
Noetherian.
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Strong conciseness
and
equationally Noetherian groups
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Strong conciseness and equationaly Noetherianity
Our main result is the following:
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Strong conciseness and equationaly Noetherianity

Our main result is the following:

Theorem (IH, Zozaya)

Let G be a profinite group and let w be a word. Suppose that G has an
equationally Noetherian subgroup that is dense in G with respect to the
profinite topology. Then, |G,,| < 2% implies |G,,| < co.
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Strong conciseness and equationaly Noetherianity

Our main result is the following:

Theorem (IH, Zozaya)

Let G be a profinite group and let w be a word. Suppose that G has an
equationally Noetherian subgroup that is dense in G with respect to the
profinite topology. Then, |G,,| < 2% implies |G,,| < co.

Corollary (IH, Zozaya)

Every word is strongly concise in the class of profinite linear groups.

or «F = T 9ac
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Strong conciseness and equationaly Noetherianity

Our main result is the following:

Theorem (IH, Zozaya)

Let G be a profinite group and let w be a word. Suppose that G has an
equationally Noetherian subgroup that is dense in G with respect to the
profinite topology. Then, |G,,| < 2% implies |G,,| < co.

Corollary (IH, Zozaya)

Every word is strongly concise in the class of profinite linear groups.

Corollary (IH, Zozaya)

Every word is strongly concise in the class of groups consisting of profinite
completions of residually finite linear groups.

lker de las Heras Conciseness and equational Noetherianity 22/26



Strong conciseness and equational Noetherianity
Recall:
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Merzljakov:

Strong conciseness and equational Noetherianity
Recall:

conciseness in linear groups.
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Merzljakov:

Strong conciseness and equational Noetherianity
Recall:

conciseness in linear groups. Generalised!.

lker de las Heras

]
Conciseness and equational Noetherianity

=

D

23/26



Strong conciseness and equational Noetherianity

Recall:

Merzljakov:
conciseness in linear groups. Generalised!.

Turner-Smith:
conciseness in virtually abelian-by-polycyclic groups and
virtually abelian-by-nilpotent groups.
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Strong conciseness and equational Noetherianity

Recall:

Merzljakov:
conciseness in linear groups. Generalised!.

Turner-Smith:
conciseness in virtually abelian-by-polycyclic groups and
virtually abelian-by-nilpotent groups. Generalised?
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Strong conciseness and equational Noetherianity

Recall:

Merzljakov:
conciseness in linear groups. Generalised!.

Turner-Smith:
conciseness in virtually abelian-by-polycyclic groups and
virtually abelian-by-nilpotent groups. Generalised?

We have:

Detomi: Strong conciseness in virtually nilpotent groups.
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Strong conciseness and equational Noetherianity

Recall:

Merzljakov:
conciseness in linear groups. Generalised!.

Turner-Smith:
conciseness in virtually abelian-by-polycyclic groups and
virtually abelian-by-nilpotent groups. Generalised?

We have:

Detomi: Strong conciseness in virtually nilpotent groups.

Is every word strongly concise in the class of virtually abelian-by-nilpotent
groups?

Our methods do not seem to apply to this case.

[} = =
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Strong conciseness and equational Noetherianity

What is the profinite version of virtually abelian-by-polycylic groups?
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Strong conciseness and equational Noetherianity

What is the profinite version of virtually abelian-by-polycylic groups?
That is, what is the profinite version of polycyclic group?
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Strong conciseness and equational Noetherianity

What is the profinite version of virtually abelian-by-polycylic groups?
That is, what is the profinite version of polycyclic group?
Three options:
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Strong conciseness and equational Noetherianity

What is the profinite version of virtually abelian-by-polycylic groups?
That is, what is the profinite version of polycyclic group?
Three options:

@ Profinite completion of polycylic groups.
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Strong conciseness and equational Noetherianity

What is the profinite version of virtually abelian-by-polycylic groups?
That is, what is the profinite version of polycyclic group?
Three options:

@ Profinite completion of polycylic groups
@ Polyprocyclic groups.
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Strong conciseness and equational Noetherianity

What is the profinite version of virtually abelian-by-polycylic groups?
That is, what is the profinite version of polycyclic group?
Three options:

@ Profinite completion of polycylic groups.
@ Polyprocyclic groups.

@ Inverse limits of polycyclic groups of a given “cyclic length”.
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Strong conciseness and equational Noetherianity

What is the profinite version of virtually abelian-by-polycylic groups?

That is, what is the profinite version of polycyclic group?

Three options:
@ Profinite completion of polycylic groups.
@ Polyprocyclic groups.

@ Inverse limits of polycyclic groups of a given “cyclic length”.
Actually,

Proposition (IH, Zozaya)

A group is polyprocyclic if and only if it is the inverse limit of polycyclic
groups of a given “cyclic length”.

o = = E = 9acn
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Strong conciseness and equational Noetherianity

Noetherian, so:

Finitely generated virtually abelian-by-polycyclic groups are equationally
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Strong conciseness and equational Noetherianity

Finitely generated virtually abelian-by-polycyclic groups are equationally
Noetherian, so:

Corollary (IH, Zozaya)

Every word is strongly concise in the class of groups consisting of profinite
completions of finitely generated virtually abelian-by-polycyclic groups.
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Strong conciseness and equational Noetherianity

Finitely generated virtually abelian-by-polycyclic groups are equationally
Noetherian, so:

Corollary (IH, Zozaya)

Every word is strongly concise in the class of groups consisting of profinite
completions of finitely-generated virtually abelian-by-polycyclic groups.
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Strong conciseness and equational Noetherianity

Finitely generated virtually abelian-by-polycyclic groups are equationally
Noetherian, so:

Corollary (IH, Zozaya)

Every word is strongly concise in the class of groups consisting of profinite
completions of virtually abelian-by-polycyclic groups.
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Strong conciseness and equational Noetherianity

Finitely generated virtually abelian-by-polycyclic groups are equationally
Noetherian, so:

Corollary (IH, Zozaya)

Every word is strongly concise in the class of groups consisting of profinite
completions of virtually abelian-by-polycyclic groups.

What about polyprocyclic groups? I
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lker de las Heras Conciseness and equational Noetherianity 25/26



Strong conciseness and equational Noetherianity

Finitely generated virtually abelian-by-polycyclic groups are equationally
Noetherian, so:

Corollary (IH, Zozaya)

Every word is strongly concise in the class of groups consisting of profinite
completions of virtually abelian-by-polycyclic groups.

What about polyprocyclic groups? I

If G is a procyclic group, is Z[G] profinite-Noetherian (meaning that every
closed ideal is topologically finitely generated).
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Eskerrik asko!!
Grazie mille!!
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