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A solution (X, r) is involutive if r?> = idxxx.



A (left) shelf (X,>) is a set X equipped with a binary operation > such
that:
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for all x,y,z € X.




A (left) shelf (X,>) is a set X equipped with a binary operation > such
that:
x> (y>z)=(xpy)>(x>2z),
for all x,y,z € X. A shelf (X,>) is called a
» rack, if the map L, : X 3 y — x>y € X is bijective, for all x € X;
» quandle, if (X,>) is a rack such that x> x = x, for all x € X.




Shelves, racks and what's more

A (left) shelf (X,>) is a set X equipped with a binary operation > such
that:
x> (y>z)=(x>y)>(xp2z),
for all x,y,z € X. A shelf (X,) is called a
» rack, if the map L, : X o y — x>y € X is bijective, for all x € X;
» quandle, if (X,>) is a rack such that x> x = x, for all x € X.

@ D. Joyce, A classifying invariant of knots, the knot quandle, J. Pure Appl.
Algebra 23 (1982), no. 1, 37-65.

[4 S. V. Matveev, Distributive groupoids in knot theory, Mat. Sb. (N.S.)
119(161) (1982), no. 1, 78-88, 160.



» Cyclic Shelf: Let X be a non-empty set, let f : X — X be a map
and define
x>y =f(y).
Then, (X,>) is a shelf and a
i) rack if and only if f is bijective;
i) quandle if and only if f =idx .
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» Dihedral Quandle: Let n € Ny and define on X = Z/nZ
abb=2a—b.

Then, (X,>) is a quandle.



Some examples

» Cyclic Shelf: Let X be a non-empty set, let f : X — X be a map
and define

xpy=f(y).
Then, (X,>) is a shelf and a

i) rack if and only if f is bijective;
i) quandle if and only if f =idx .

» Dihedral Quandle: Let n € Ny and define on X = Z/nZ
apb=2a—-0>b.
Then, (X,>) is a quandle.
» Conjugation Quandle: Let G be a group and define
X>y = x_lyx.

Then, Conj(G) = (G,>) is a quandle.
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Let (X,>) be a shelf and define r, : X x X — X x X by
r.(a,b) = (b, b> a),

Then, r, is a left non-degenerate solution.

Conversely let (X, r) be a left non-degenerate solution and define 1>, on
X by setting
ar, b= )‘ap)\b_l(a)(b) .

for all a,b € X. Then, (X,>,) is a shelf called the derived shelf of (X, r).

If (X, r) is left non-degenerate then

(X, r) is bijective <= (X,>,) is a rack,
(X, r) is involutive <= (X,p,) is trivial , i.e. ap, b=b.




Theorem

Let (X,r>) be a shelf and consider a map A : X — Symy. Then, the map
r: X x X — X x X defined for all a, b € X by

r(a, b) = (\,(b), )\;al(b)()\a(b) >ra)),
is a solution if and only if the following holds for all a, b € X:

A€ Aut(X,>,), forall a € X;
>‘a/\b:)‘>\a(b)/\/\;l<b)(>\a(b)|>a) , forall a,b e X.

Moreover, any left non-degenerate solution can be constructed in this
way.

@ A. Doikou, B. Rybotowicz and P. Stefanelli, Quandles as pre-Lie skew
braces, set-theoretic Hopf algebras & universal R-matrices, J. Phys. A:
Math. Theor. 57 (2024) 405203.



The Reflection Equation

@ V. Caudrelier and Q. C. Zhang, Yang-Baxter and reflection maps from
vector solitons with a boundary, Nonlinearity 27 (2014), no. 6, 1081-1103.

Let (X, r) be a solution. A map ~: X — X is a solution to the
set-theoretic reflection equation, or simply a reflection, for (X, r) if the
following holds:

r(idxx hC) r(idxx H):(idxx K) r(idxx H) r

@ |. Cherednik, Factorizing particles on a half line, and root systems, Teoret.
Mat. Fiz. 61 (1984), no. 1, 35-44.

@ E. K. Sklyanin, Boundary conditions for integrable quantum systems, J.
Phys. A 21 (1988), no. 10, 2375-2389.



Notation:

KC(X, r) is the set of all reflections for (X, r).
KCuij(X, r) is the set of all bijective reflections for (X, r).




State of the Art

» [Caudrelier, Crampé, and Zhang (2013)] deepens the interplay
between solutions to the YBE and reflections.

» [De Commer (2019)] introduced a notion of braided action of a
group with braiding and showed that it provides reflections.

» [Smoktunowicz, Vendramin, and Weston (2020)] proposed a
systematic approach employing general methods coming from the
theory of braces, to produce families of reflections.

» [Doikou and Smoktunowicz (2021)] investigated connections
between set-theoretic Yang—Baxter and reflection equations and
quantum integrable systems.

» [Lebed and Vendramin (2022)] focused on reflections for involutive
non-degenerate solutions.



Let X be a set and consider a map o : X — XX o(a) = o, .
A map k: X — X is called

» o-centralizing if 0,5 = ko, for all a € X;

» o-invariant if () = 0,, for all a € X.



A-centralizing and p-invariant maps

Let X be a set and consider a map o : X — XX o(a) = o, .
A map k: X — X is called

» o-centralizing if o,k = Ko, for all a € X;

» o-invariant if () = 0,, for all a € X.

Let (X, r) be a solution and if we write r(a, b) = (Aa(b), pp(a)), then:
» [SVW (2020)] if r is involutive left non-degenerate then

k: X — Xis A-centralizing = k € K(X,r);
» [LV (2022)] if r is involutive right non-degenerate then

k: X — Xis p-invariant = k € K(X,r);




The non-involutive case

Example
There exists a skew-brace (B, +,0) where (B, +) = Dg and (B,0) = Cg
whose associated solution (B, r) has

» 288 reflections;

» 256 only A-centralizing reflections;

» 16 only p-invariant reflections;

» 16 of both types.

Recall that a skew-brace (B, +, o) is the datum of two groups (B, +) and
(B, o) such that
ao(b+c)=aob—a+aoc,

for all a,b,c € B. The map r: B x B — B x B defined by
r(a,b) = (Aa(b), (Aa(b)) ™ 0 20 b),

is a bijective non-degenerate solution.




Let (X, r) be a solution and let k € K(X, r).
If o, : X — X are A, p-centralizing and A\, p-invariant maps, then

prp e K(X,r).




Let (X, r) be a solution and let k € K(X, r).
If o, : X — X are A, p-centralizing and A\, p-invariant maps, then

ok e K(X,r).

This generalizes an analogous result contained in [LV (2022)] valid for
involutive solutions.

Notice that all reflections share this form.




Let (X, r) be left non-degenerate and ~ : X — X be a \-centralizing
map. For all a, b € X write L,(b) = )\ap/\;1(a)(b).
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Let (X, r) be left non-degenerate and ~ : X — X be a \-centralizing

map. For all a, b € X write L,(b) = )\ap/\;1(a)(b). Then

Va, be X K)L[_a(b)(a) = LHLa(b)n(a)
Vae X kL, = K‘,Ln(a)

Let (X, r) be a bijective non-degenerate solution. If k : X — X is a
A-centralizing map, then

neIC(X,r)<:>{ — rek(X,n)

k € End (X,p,)

ek (X,r) <
mekiX.n {VXEX by = kL)




Reflections for left non-degenerate solutions

Theorem [AMS (2024x)]

Let (X, r) be left non-degenerate and « : X — X be a \-centralizing
map. For all a, b € X write L,(b) = /\aﬂ)\gl(a)(b). Then

Va,be X klw)(a) = Le,wmys(a)

— ke K(X,
Vae X kly =kl weKX,n)

mEK(X,r)(z){

Corollary [AMS (2024x)]

Let (X, r) be a bijective non-degenerate solution. If k: X — X is a
A-centralizing map, then

k € End (X,>))

keK(X,r) <
Vx e X rly = rlyy

If (X, r) is involutive left non-degenerate then (X,>,) is trivial.




If (X, r) is a right non-degenerate solution, one can consider the right
rack (X, <,) where a<, b := Pat,=1(a) (b), for all a,b € X.




If (X, r) is a right non-degenerate solution, one can consider the right
rack (X, <,) where a<, b := Pat,=1(a) (b), for all a,b € X.

Let (X, r) be right non-degenerate and  : X — X be a p-invariant map.

kEK(X,r) < VaeX kR,=R:,

where R, (b) = b<, a, for all a,b € X.




Reflections for right non-degenerate solutions

If (X, r) is a right non-degenerate solution, one can consider the right
rack (X,<,) where a<, b:= p,A -1, (b), forall a,b € X.

—1
)

Theorem [AMS (2024x)]
Let (X, r) be right non-degenerate and  : X — X be a p-invariant map.

keK(X,r) < VaeX kR,=R.s,

where R, (b) = b <, a, for all a,b € X.

If (X, r) is a right non-degenerate solution and s : X — X is p-invariant,
then
kEK(X,r) <= reK(X,q).




Let (X,>) be a rack. The left multiplication group of (X,r) is the
normal subgroup of Aut(X,>) defined by

LMIt(X,5) = (Ly | x € X) .



Let (X,>) be a rack. The left multiplication group of (X,r) is the
normal subgroup of Aut(X,>) defined by

LMIt(X,5) = (Ly | x € X) .

If (X,) is a rack, then

K(X,r) 2 Cenax,p) (LMIt (X)),
/Cbij(X, I‘[>) = CAut(X,[>) (LMlt (X, r[>)) .




Problem:
Let F be a class of racks. For X € F determine Aut(X) and LMIt(X). J




@ M. Elhamdadi, J. Macquarrie and R. R. Lépez, Automorphism groups of
quandles, J. Algebra Appl. 11 (2012), no. 1, 1250008, 9 pp.

The authors solve the problem for dihedral quandles.




@ M. Elhamdadi, J. Macquarrie and R. R. Lépez, Automorphism groups of
quandles, J. Algebra Appl. 11 (2012), no. 1, 1250008, 9 pp.

The authors solve the problem for dihedral quandles.

Let G be a group and for all a, b € G define
a>b=ba"'b.

The pair Core(G) = (G,) is a quandle named the core quandle of G.

If G is an abelian group, then Core(G) takes the name of Takasaki
quandle of G.

@ V. G. Bardakov, T. R. Nasybullov and M. Singh, Automorphism groups of
quandles and related groups, Monatsh. Math. 189 (2019), no. 1, 1-21.

The authors describe Aut(X) for the class of Takasaki quandles of a
finite abelian group, generalizing previous results on the matter.




For conjugation quandles it still an open problem. Among all, an
embedding is known [BNS (2019)]

Aut(G) x Symz(gy = Aut(X),

where X = Conj(G) of a group G. There are similar results for core
quandles.




Thank you for the attention!
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