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Abstract

For each n > 2 we classify all n-dimensional algebras over an arbitrary infinite field
which have the property that the n-dimensional abelian Lie algebra is their only
proper degeneration.
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1 Introduction and statement of results

The concept of degeneration probably first arises in the second half
of the twentieth century when a lot of attention was paid to the
study of various limit processes linking physical theories. One of
the most famous examples of such a limit process is the relation be-
tween classical and quantum mechanics. Indeed, classical mechanics
can be studied as a limit case of quantum mechanics where the quan-
tum mechanical commutator [x,p] =ih (corresponding to the Hei-
senberg uncertainty principle) maps to the abelian case (that is the
classical mechanics limit) as h — 0. The pioneering works in this

* We would like to thank Professor A.E. Zalesski for useful discussions on this
subject



40 N.M. Ivanova — C.A. Pallikaros

direction were a paper by Segal [26] and a series of papers of In-
onii and Wigner [13],[14] devoted to the limit process ¢ — oo in
special relativity theory showing how the symmetry group of rela-
tivistic mechanics (the Poincaré group) degenerates to the symmetry
group of classical mechanics (Galilean group). The target algebras
of such limit processes (which are nothing else but the points in the
closure in metric topology of the orbit of the initial algebra under
the “change of basis” action of the general linear group) are called
contractions (or degenerations in the more general context of an ar-
bitrary field and Zariski closure). These (and many other) examples
of degenerations have a wide range of applications in physics based
on the claim that if two physical theories are related by a limiting
process, then the associated invariance groups (and invariance alge-
bras) should also be related by some limiting process. Degenerations
of algebras also have applications in other branches of mathematics.
Thus, for example, they can be used as a tool for finding rigid alge-
bras which are important for the investigation of varieties of algebras
and their irreducible components. Degenerations are widely used for
studying different properties of flat and curved spaces and in the the-
ory of quantum groups. As the notion of degeneration is closely re-
lated to the notion of deformation (see [6]), degenerations can also be
used for investigating deformations of Lie algebras (see [20] and [4]).

Despite their theoretical and practical interest, results about degen-
erations, especially in fields other than C or IR, are still fragmentary.
In [10], it is shown that the closures in the Zariski topology and in
the standard topology of the orbit of a point of an affine variety
over C under the action of an algebraic group coincide. In the same
work, again over C, for G a reductive algebraic group with Borel sub-
group B and X an algebraic set on which G acts, it is shown that
for x € X the closure of the B-orbit of x has non-empty intersection
with every orbit in the closure of its G-orbit. Various necessary con-
ditions for the existence of degenerations of real and complex alge-
bras have been obtained, see for example [10],[21],[23],[24] and [25].
A criterion for a Lie algebra to be a degeneration of another Lie al-
gebra over an algebraically closed field is given in [11]. In [22] the
question of whether or not a given orbit (of a point under the ac-
tion of an algebraic group) lies in the Zariski closure of another orbit
is being considered and a method of solving this problem is pre-
sented. However, in practice it is extremely difficult to apply the
results of [11] and [22]. For some classes of algebras (like real and
complex 3- and 4-dimensional Lie algebras, low-dimensional nilpo-
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tent Lie algebras, some subclasses of Malcev algebras) the problem
of determining all degenerations within the given class has been con-
sidered, see for example [2],[21],[16],[17] and references therein.

Our motivation comes from works of Gorbatsevich (see [7],[8],[9])
and in particular the notion of the level of complexity of a finite di-
mensional algebra. One of the main purposes of the present paper is
to make a contribution in the general direction of studying degener-
ations of algebras over an arbitrary field, as the great majority of the
works in this area so far have been over an algebraically closed field
(mainly C) or R.

At this point we introduce some notation. Let V be an n-dimensio-
nal vector space over an arbitrary field F and let G = GL(n, F). Also
denote by Ay, (IF) the set of all algebra structures on V and by X§ (IF)
the subset of A, (IF) consisting of the algebra structures satisfying
the identity [x,x] = 0 (we denote by [x7,x;] the product of the ele-
ments x1,x, of an algebra). Next we introduce some particular alge-
bras in Ay (IF). Let a,, be the n-dimensional abelian Lie algebra. Also
let b, € An(IF) be isomorphic to the Lie algebra direct sum

h3 Dan—3

(where b3 is the Heisenberg algebra) and t,, € A (F) be defined as
the algebra structure for which the only nonzero products between
the basis elements of a fixed basis (vj,...,v};) of V are

Vi, vil =vi

==, vil

for 1 <i<n—1.Inparticular vy, by, are both Lie algebras and hence
they both belong to X5, (IF). Note that vy, is the only algebra structure
in Xy, (IF) other than a,, which satisfies the condition that the product
of any two of its elements is a linear combination of the same two
elements.

We consider the natural “change of basis” action of G on F™, re-
garded as a space of structure vectors (we say that

AcF™

is a structure vector for g € A, (IF) if there exists a basis of V relative
to which A is the vector of structure constants for g). The algebra
structure g degenerates to g1 (g, g1 € An(F)) if there exist A, pu struc-

ture vectors for g, g respectively (A, n € ]F“s) such that p belongs to
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the Zariski-closure of the orbit of A resulting from the above action.

One can easily observe that if F is infinite then every g € An(IF)
degenerates to a,. Our first result deals with the problem of deter-
mining the isomorphism classes of algebras in X7, (IF) that have a;, as
their only proper degeneration in the case IF is an arbitrary infinite
field. Note that the special case [F = C is already settled in Theorem 1
of [7]; see also Theorem 5.2 of [19] for the case F = R.

Theorem 1.1 Let n > 3 and let IF be an arbitrary infinite field. Then,
among all n-dimensional algebras satisfying the identity [x,x] = 0, the al-
gebras vy and by, are the only ones (up to isomorphism) which have the n-di-
mensional abelian Lie algebra ay as their only proper degeneration.

Before stating the next result we need to introduce some more no-
tation. Let

&n = (8ijkx) and  en(a) = (egjx(a)),

for o € IF, be the elements of F™° which are defined by 8112 = 1F (all
other 6yjx being zero) and

e111(a) =1, e14i(a) = &, gq1i(ax) = (1g — &)

for 2 < i < n (all other &ijx () being zero). Also, for x € T, let 0,
and e¢n («) be the elements of A, (IF) whose structure vectors relative
to our fixed basis (vi){* ; are 8, and &, () respectively.

Theorem 1.2 Let n > 3 and let F be an arbitrary infinite field. Then 9y,
together with the family {en (o) : « € IF} give a complete list of non-
isomorphic elements of An (IF) \ X5 (IF) which have ay_as their only proper

degeneration.

We remark that the special case F = C in Theorem 1.2 is already
settled in Theorem 2.3 of [18].

The paper is organized as follows. In Section 2 we give some nec-
essary background. In Section 3 we introduce the notion of degen-
eration and discuss some necessary conditions for an algebra to de-
generate to another. Moreover, in Section 3, a key result is proved
(Lemma 3.9) which enables us to “translate” results of limiting pro-
cesses (involving diagonal matrices) in the metric topology of C or R
to results in the Zariski topology over an arbitrary infinite field. In
Section 4 we provide a completely elementary self-contained proof
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of Theorem 1.1 (wWhere we also use ideas from [18],[19]) and we dis-
cuss how the conclusion of this theorem can be used to obtain infor-
mation about the composition series of X§ (IF) (regarded as an FG-mo-
dule) via the action of G = GL(n, IF) we are considering. Finally, in Se-
ction 5 we provide a proof of Theorem 1.2.

2 Preliminaries

Fix a positive integer n with n > 2, an arbitrary field F and let
G =GL(n, F).
It will be convenient to regard the n3 triples (i,j, k) for

1<ijk<n

as an ordered n3-tuple of triples by placing, for T < m < n3, at
the mth position of this ns-tuple the triple (i1,j1,k1) where iy, j1, kg
are the unique integers with 1 < 1ij,j1, k1 < n satisfying

m—1=({i;—1n?+ (G —n+(k; —1).
This amounts to ordering the triples lexicographically.

Definition 2.1 (i) An n-dimensional F-algebra (not necessarily as-
sociative) is a pair (A,[,]) where A is a vector space over F with
dimp A =n and

LI:AXA—=A: (xy) =y ((xyeA)

is an [F-bilinear map (we call [x,y] the product of x and y).

(ii) An ideal of an [F-algebra (A,[,]) is an F-subspace ] of A such
that [a, b] and [b, a] belong to ] for all b € ] and a € A.

Let (A,[,]) be an n-dimensional [F-algebra and suppose that
(by,...,bn) €A™

is an ordered [F-basis for the vector space A. Then, by bilinearity of
the bracket, we see that the multiplication in (A, [,]) is completely de-
termined by the products [bs, b;], 1 <1,j < n. The structure constants
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of this algebra with respect to the basis (by,...,by) are the scalars
aijx € F (1 <1,j,k <n) given by

bu b Z o‘t)kbk

We will regard this set of structure constants «;j) as an ordered n3-
tuple

3
(ctiji)1<ijken € F™

via the ordering on the triples (i,j, k) for 1 < 1,j,k < n we have fixed
above.

For example, when n = 2, we have
(atiji) = (X171, 112, %121, X122, %211, X212, X221, 6222) € FFE.
We call the n3-tuple o = (k) € F™° the structure vector of (A, LD

relative to the [F-basis (by,...,bn) of A. More generally, we call the
element

3
B = (Bijr)igijkn € F"

a structure vector for (A, [ ]) if there exists an ordered F-basis
/ /
(by,...,b5)

for A relative to which the structure vector for (A,[,]) is B = (Bijk),

that is
1/ ) Z Bllkbk
for 1 <1i,j <
Recall that the n-dimensional F-algebras
(A1,011) and (A2, []2)
are called F-isomorphic if there exists a bijective F-linear map
Y:A] = Ay

such that
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for all x,y € Ay.
Remark 2.2 (i) Suppose that
V:A7 = Ay
defines an isomorphism between the n-dimensional [F-algebras

(A1,L11) and (A, []2).

Also let (c1,...,cn) be an F-basis of Aj. It is easy to observe that the
structure vectors of

(A1/[/h) and (AZ/ [/]2)

relative to the [F-bases (cq,...,cn) and (W(cy),...,¥Y(cn)) of A
and A; respectively coincide.

(ii) Conversely, if the two m-dimensional [F-algebras (Aq,[]1)
and (A3, [,]2) have a common structure vector, then they are neces-
sarily [F-isomorphic. O

For the rest of the paper we fix V to be an n-dimensional [F-vector
space. We also fix (vj,...,Vvy) to be an ordered [F-basis of V. We will
be referring to this basis of V on several occasions in the sequel.

Definition 2.3 We call g an algebra structure on V if g is an [F-algebra
having V as its underlying vector space (and hence has multiplication
defined via a suitable F-bilinear map [,]5 : V x V — V). We denote
by An (F) the set of all algebra structures on V.

It is then clear from the preceding discussion that any n-dimensio-
nal [F-algebra is F-isomorphic to an element of A,(FF). For
91,092 € An(F) we write

g1 =82

to denote the fact that g is isomorphic to g, as F-algebras.
Also observe that if g = (V,[,]4) is an algebra structure on V, we
have
Ov,x]g = 0v =[x, 0v]g

for all x € V. Hence, the zero vector Oy of V is the zero element of
any g € An(F).
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Remark 2.4 We can regard A, (IF) as an F-vector space. For

g1 =(V,L 1), 92 =(V,[]2) € An(IF)

and « € F we define g1 + g2 = (V, [,]) € An(F) where

[x,yl =[x, yl1 + [x,yl2

and agy = (V, [,]1«) where [x,ylo = «lx,yl; for all x,y € V. It is then
easy to check that the maps [,], [,]« : V x V — V are both F-bilinear
and that they turn A, (IF) into an F-space.

. 3 .

Regarding IF"" as an IF-vector space, as usual, via the natural (com-
ponentwise) addition and scalar multiplication, we can then obtain
an isomorphism of [F-vector spaces

©: An(F) — FV

such that the image of an algebra structure g € A (IF) is the structure
vector of g relative to the basis (v],...,v},) of V we have fixed. O

Definition 2.5 With the help of the bijection © : An(F) — IF“3,
given in Remark 2.4 we can define a map

O:FYxGoFY: (Ag)—Ag AeFY, g=(gy)eq)

where Ag € F’ is the structure vector of © (A) € A (FF) relative to
the basis (vq,...,vn) of V given by

n
Vj = Z 9ijVi
i=1
(we call g € G the transition matrix from the basis (v{){* ; to the
basis (vi)i* ; of V).

Remark 2.6 With the setup and notation of Definition 2.5, we see

that @71(7\) is the algebra structure g; on V having A as its structure
vector relative to the basis

Vi, .o V)

of V we have fixed. If now g, € An([F) also has structure vector A
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relative to some basis (u;)* ; of V, then the structure vector of g,

relative to the basis (u{)I* ; of V given by

n
/
u = Z giji
i=1

is again Ag. This means that the resulting vector Ag € F™ obtained

from A € F™ via the “change of basis” process in Definition 2.5
which is determined by the element g = (gi;) € G does not depend
on the choice of the pair (g € A, (F), ordered basis for V) that deter-
mines A (note that in general there are more than one such pairs). O

It is then easy to observe that the map O defines a linear right

action of G on F™. We can thus regard F™ as a right FG-module
via this action.

The orbit of A € F™* with respect to the action given in Defini-
tion 2.5 will be denoted by O(A).

Note that the orbits resulting from this action correspond precisely
to the isomorphism classes of n-dimensional F-algebras (this is im-
mediate from Remark 2.2).

We now recall briefly some basic facts on algebraic sets.
Let F[X] be the ring

FiXije: 1<1,j,k<n]

of polynomials in the indeterminates Xijk (1 <1,j,k <n)over F. For
each

3
p=(piji) € F*

we can define the evaluation map
evy :F[X] - F
to be the unique ring homomorphism IF[X] — FF such that
Xijk = Hijk

for 1 <1,j,k < n and which is the identity on [F. A subset W of Fn
is algebraic (and thus closed in the Zariski topology on ]F“3) if there
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exists a subset S C [F[X] such that
W={u=(uj) €F: ev,(f)=0p forall fecS)

The Zariski closure of a subset Y of F™° will be denoted by Y. Finally,
for U C IF“S, the vanishing ideal I(U) of U is defined by

I(U) ={feF[X]: evy(f)=0p forall pe U}

Next we introduce some subsets of A, (IF) which are defined via
polynomial identities.

(i) Ba(F) = {g = (V,[]) € An(F) : [[x1,x2],x3] = 0y for all
X1,%2,%3 € V} (this is the set of algebra structures on V which
are nilpotent of class at most 2).

(i) K&(F) ={g = (V,[,]) € An(F) : [x,x] = 0y for all x € V} (note
that [x,x] = Oy for all x € V implies that [x,y] = —[y, x] for all
X,y € V; in particular, for charF # 2, we have that X§ (F) is
precisely the set of skew-symmetric algebra structures on V).

(iii) LR (F) ={g=(V,[]) e XR(F) : [, ly,zll + 1y, [z, x| + [z, [x,yll =
Oy for all x,y,z € V} (this is the set of algebra structures
in X5 (IF) satisfying the Jacobi identity and hence it is precisely
the set of Lie algebra structures on V).

Denote by By (F), Xn(F), L (FF) the subsets of F™° which are the
images of BS(FF), Kn(FF), L5 (F) respectively via the map © given
in Remark 2.4.

Remark 2.7 It is immediate from the way they are defined that
Bn(F), Xn(F) and £Ln(F)
are all unions of orbits. Below we will also see that these subsets

of F™° are algebraic (Zariski-closed) as they can be described via
polynomial equations. For the rest of the discussion in this remark

(e1,... en)

denotes an arbitrary [F-basis of V and g = (V, [,]) an element of A, (IF).
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(i) To establish that B, (F) is algebraic, first observe that g € BS (IF)
if, and only if, [[e;, e;], ex] = Oy for 1 < 1,j,k < n. Consequently, we
have

Bn(F) = {7\2(7\ijk) ZAkam =0F for 1<i,j,km< Tl}

showing that B, (IF) is a Zariski-closed subset of Fn.

(ii) Also observe that g € X (F) if, and only if, we have [e;, ;] = Oy
and
lei, e;] + [ej, e1] = Oy

for 1 <1i,j < n. It follows that
Kn(F) ={A = (A1) € F™ : iy = Op
and Aijx +Ajik =O0f forall 1T<1,j,k<nh
Clearly Xy (IF) is an [F-subspace of F™ with
dimg Xn (F) = In?(n—1)

and hence it is an algebraic set. Alternatively, it is easy to see that
u € Xn(F) if, and only if, evy (f) = OF for all

fe{Xik: T<Lk<nJU{Xye +Xjik: 1<1j,k<n} CFX

(iii) Similar argument shows that

{7\ l)k € :Kn(IF) .
Z( 1]k}\k1m + )\)lk}\klm + }\hk)\k)m) =0 for 1 <1,j,l, m < Tl}
k

(see also page 4 of [15]). 0

Since K (FF) is an F-subspace of F™* which is also a union of or-
bits, it can be regarded as an FG-module via the (linear) action of G

on F** we are considering.
For the rest of the paper, by an FG-submodule of F™ we will mean
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any subspace of F™* which is also an FG-module via the action of G
on F™’ given in Definition 2.5.

Example 2.8 Let a,, be the algebra structure on V with multiplica-
tion defined by [x,y] = 0y for all x,y € V. Then the structure vector
of an, relative to any basis of V is the zero vector

0=(0p,...,0F,...,0F)
of F™’. The orbit of 0 under the action of G we have described
thus consists of precisely one point and hence it is Zariski-closed.
Clearly a,, € £5(IF), in other words it is a Lie algebra structure on V.
The algebra a,, is known as the n-dimensional abelian Lie algebra
over [F. Observe that for charIF # 2 the only algebra structure
satisfying the commutativity relation
[x,yl =y, x]
for all x,y € V is the abelian Lie algebra a,,. Note, however, that

when charF = 2, we have that every skew-symmetric algebra satis-
fies the commutativity relation. 0

3 Degenerations

Recall that for A € F™° and g € G we denote by Ag the image of

(A, g) € F° % G

under the map Q in Definition 2.5.

For each g € G define a function
O JFY Y u— ug(u e ]F”a).

Then @4 is a regular map for each g € G and hence continuous in
the Zariski topology. To see this, fix g € G. It follows from the change
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of basis process that for each u € F™ we get

Dgy(n) = (evyu(fr), ..., evyu(f,3))

where, for 1 <i<n3, fiisa polynomial in IF[X] which only depends
on the element g € G.

The following result is elementary but for completeness we pro-
vide a proof for it.

Lemma 3.1 Let A, p € F° with u e O(AN). Then

O(n) €O(A

—

(and hence O(u) C O(A)).
ProoF — Assume the hypothesis and let u* € O(u). It follows that
u' =g

for some g* € G. Suppose now that U is an open subset of F
containing p*. It is enough to show that O(A) N U # @. Invoking the
fact that the map

Og-  FY - FY

is continuous, we see that (Dg*] (U) is an open subset of F™*. Now

u'=pg" =g (n) €,

so U € d);] (U). But p € O(A), hence there exists
A e OA)
such that A’ € d);] (U). This means that
Og-(A)=Ag" e L.

Hence A'g* € O(A) N'U ensuring that O(A) N'U is non-empty as re-
quired. 0

More can be said under the assumption that FF is algebraically
closed using the theory of algebraic groups (see [1],[5],[12]). In par-
ticular, the closed orbit lemma ensures that orbits are locally closed.
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Definition 3.2 Let g1,92 € An(F). We say that gy degenerates to g,
(respectively, g1 properly degenerates to gy) if there exist structure
vectors A1 of g7 and A, of g such that A; € O(Aq) (respective-
ly, A2 € O(A1) \ O(Aq)).

In the following remark we include some observations which are
immediate from this definition.

Remark 3.3 Let g1,92 € An(F).

(i) We have that g; degenerates to g, if, and only if, u, € O(u)
whenever pq is a structure vector of g; and p, is a structure vector
of g, (similarly for proper degenerations).

(ii) Suppose that g7, g5 € An(IF) are such that g7 ~ g7 and g5 ~ g>.
It then follows that g7 degenerates (resp., properly degenerates) to g3
whenever g7 degenerates (resp., properly degenerates) to g;. O

It is then clear from the above definition and remark that the notion
of degeneration (since it only depends on the isomorphism classes
of the algebras involved) can be extended to cover all [F-algebras and
not just algebra structures on our vector space V.

Example 3.4 (i): The case F is a finite field.

If FF is finite, it is then obvious that any orbit in F™ under the action
of G we are considering consists of a finite set of points. But points
are closed sets in the Zariski topology. Consequently, when F is finite,
all orbits in F are closed in the Zariski topology. We conclude that
there exist no proper degenerations over finite fields.

(ii): Degenerations in X (IF).
Let
23
A= Ayrigijr<2 €F
where 7\]2] = ]IF = —7\2]1, 7\122 = ]]1: = —)\212 (all other )\ijk equal
to Op); then A is a structure vector for g = (V, [,]) € An([F) relative to
basis (e1,ez) of V where

le1,e2] =e1+ex=—lez,e5] and [eq,e1] =0v = [ez, e2].
Note that A is a Lie algebra structure vector. Consider the change of

basis
! /
e] =«xeq, e; = ey



On degenerations of algebras over an arbitrary field 53

where «, 3 are both nonzero elements of IF. The products between
the elements of this new basis are given by: [e], e]] = 0y = [e}, e5],

lef,eb] = afler, ez = apler +e2) = af(o el +pTeh) = pel + e
and [e}, e1] = —Be] — «xej. If, instead, we set
e] =Bler +ez), e) =Pe

with B # Of (resp., e] = xeq, e = x(ey + e2) with o # O), we get
that
(O]F/ O]F/ B/O]FI_BIO]FI O]F/ O]F) € O(A)

(resp., (OF, O, OF, o, O, —«, OF, O) € O(A)). Consequently,

:K:Z(IF) = {(O]Fr OIFI B/ 0(,—[5,—06, O]FI OJF) K B € IF} - O(A) U{O}
C £2(F) € X, (IF).

We conclude that
X2 (FF) = O(A) U{0}

and hence it is a union of two orbits. But X, (IF) is an irreducible
subset of F™’ if F is infinite (this follows, for example, from Exam-

ple 1.1.3 and Remark 1.3.2 of [5]) verifying that 0 € O(A) under the
assumption that [F is infinite. Moreover, the above argument shows

that X5(IF) is an irreducible [FG-submodule of F2° for any field IF
(including finite fields). O

In view of the above example, for the rest of the paper we will
assume that IF is an arbitrary infinite field.

Our next aim is to prove Lemma 3.9 which will play some part in
the proof of our main result.

Definition 3.5 Let
SCT={i,jk ezZ: 1<ijk<n.
We define degg f for a non-zero monomial

fe IF[Xi,j,k : (i,j,k) €Tl
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to be the degree of the monomial obtained from f by specializing
to 1 each of the indeterminates X; ; . with

(Lj, k) € T\S

and which occur in f. In particular, deg f = degf.

Definition 3.6 Let

d=(q1,...,qn) €Z"

be given. Also let T be as in Definition 3.5.
(i) For each r € Z, define the subset S(q, ) of T by

S(q,7) ={(1,i, k) € T:qi+4g; —qx =T}
(ii) Define the g-auxiliary degree of a nonzero monomial
f e FlXyx: (4,j,k) €T]
by
> r>ordegg gy T, if noindeterminate Xiji with

G_aux_deg(f) = (1,j,k) € Ur<0S(q, ) occurs in f,

0, otherwise.

oy 3 .
(iii) Given a structure vector A = (Aij) € F™, define a new struc-
ture vector

A(Q) = (Aijk(q)) € F"

by
R Aij, if (1), k) €UrgoS(q, 1),
Aijk(q) =

O, otherwise.

It is clear from the above definition that, given q € Z™, only finitely
many of the S(q, ) are nonempty as r runs through Z, and T is the
disjoint union of these nonempty S(q, ).

Moreover, nonzero constants (which are monomials of degree zero)
have g-auxiliary degree zero for any choice of q. However, in general,
it is possible for a nonzero monomial f (with deg f > 0) to have g-au-
xiliary degree zero for a certain choice of q € Z™, even though none
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of the indeterminates Xjj) with

(Lj, %) € | s@m)

r<0

occurs in f (these are precisely the monomials which are composed
solely by indeterminates Xijx with (i,j, k) € S(q,0), provided
5(4,0) # 2).

Example 3.7 (i) Let
q=I(qi){z; €2

with q; =1for 1 <i<n.Then S(q,r) =@ forr#1and T = S(q, 1).
Then, for a nonzero monomial

fe IF[Xijk : (i,j,k) S T],

we have q_aux_degf = deg .
(ii) Fix m € Z with 1 < m < n and let

q=I(qi){iz; € 2™

with g =0forT <i<mand qi =1 form+1 < i< n. Then
S(q,v) =@ forall r € Z\{-1,0,1,2}. We also have

S(q,—1)={(1j,k)eT:1<i,j<mand m+1<k<n}

and
S(q,0) ={(1,j,k) eT: 1<i,j,k<m}

U{i,j,k)eT: 1<i<m and m+1<j,k<n}
U{(ij,k)eT:1<j<mand m+1<1i,k<n}k
(iii) Suppose n > 3 and let
q=I(qi){z; eZ"
with q; =1for 1 <i<2and q; =2 fori> 3. Here
$(q,0) ={(i,j,k) e T: 1<i,j<2 and 3 <k < n}

and S(q,r) =@ forall r € Z\{0,1,2,3}. O
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Remark 3.8 Given q € Z™ and a nonzero polynomial
h e IF[Xl]k : (l,],k) S T],

it will be useful to consider the (unique) decomposition of h (relative
to q) in the form h = hg +hy +...+ hyy (with

h € IF[Xijk : (i,j,k) eT]

for 0 <1 < m, hyy # 0), where, for each 1 =0,1,...,m, the polyno-
mial hy is the sum of all nonzero monomials of g-auxiliary degree 1
occurring in h (if for some 1, with 0 < 1 < m — 1, no monomial of
g-auxiliary degree 1 occurs in h, then hy is taken to be the zero poly-
nomial). O

Lemma 3.9 Let = (qi)]"; € Z™ and let A = (Ay51) € F° (where F
is infinite). Suppose further that A5, = O whenever

(Lj,%) € | s(@n.

r<0

Then A(q) € O(A) (in particular, the hypothesis of the lemma is satisfied
regardless of the choice of A by all § € Z™ such that U, -oS(q, 1) = @).

Proor — Let
q=(qi)iz; € 2™

and suppose the hypothesis of the lemma is satisfied for
A= (Ayk) € F

(that is, Aiji = O whenever (i,j,k) € Ur0S(q,1)). Temporarily fix
T € F* and let R
AlT) = (Ayjk(T)) € F™

where
Aiji (1) = TG aRN 5y

(as usual, we take T™° = 1y and for m € Z, m < 0, we take
m — (T_1 )—m

with =! being the unique multiplicative inverse of T in F*, where F*
denotes the set of invertible elements of F).
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Observe that if A is the structure vector of the algebra g € Ay (F)
relative to the ordered FF-basis (e1,...,en) of V, then A(7) is the struc-
ture vector of g relative to a new basis (e (T),...,en(T)) of V defined
by

ei(t) = 1lie;

for 1 <i < n. It follows that A(t) € O(A). It is also easy to see that for
each T € Z, we have Aji (T) = T"Ay5k if, and only if, (i,j,k) € S(q, 7).
Consequently, our hypothesis that Aj; = O whenever

(L., %) e | s(@n
ensures that

whenever

(Lj, %) e | s(@nm.

r<0

Now let h be any nonzero polynomial in the vanishing ideal of O(A)
and consider the decomposition h = hy +...+ hy with hy, # 0 de-
scribed in Remark 3.8. By setting o; = eva(h) € F for 0 <1 < m we
get, in view of the discussion above, that

eV () =Ttleva(hy) =ty

for 0 < 1 < m. Invoking the fact that A(t) € O(A) we get that

O = evy (1) (h) = evy (1) (ho) +eva(r)(h1) +... +evy () (hm)
=0y +o1T+...+axmT™.

This last equality is true independent of the original choice of T € [F*
so the fact that [F is an infinite field ensures that

=0 =...= 0tm = Of.

Next observe that it is immediate from the definition of A(q) and the
hypothesis in the statement of the lemma we have assumed, that

evy(g) () = O
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for 1 <1< m and that ev}\(a)(ho) = evy (hp). To see this last point
there are two cases to consider:

(i) a nonzero monomial f occurring in hy contains an indetermi-
nate Xij with (i,j, k) € Ur~0S(q,7) and

(ii) a nonzero monomial f occurring in hp does not contain an
indeterminate Xij with (i,j,k) € U,-oS(q,7) in which case it also
does not contain Xjji with (i,j,k) € Ur~0S(q, r). Then clearly

evyg) f=evpf

in both cases.
We conclude that

evy(g)(h) = evy(g)(ho) = evalho) = xo = OF

and this is enough to complete the proof that A(q) € O(A). O
Example 3.10 (i) Let

q=(qi)iz; € 2™

where q; =1, T <1i < n. We have seen in Example 3.7 (i) that

U s@n =2

r<0

Moreover, A(q) = 0 (the structure vector of the abelian Lie algebra an)

for any A in F"’. It is now immediate from Lemma 3.9 that any
(n-dimensional) algebra g € A, (F) degenerates to a, (a well-known
result). It also follows from the proof of Lemma 3.9 (with the choice
of g we have made here) that the vanishing ideal of O(A) is generated

by homogeneous polynomials for any A € F™".
(ii) Suppose
g € An(FF)
has an m-dimensional ideal g; for some m with T < m < n. Pick
a basis (eq,...,en) for V by completing a basis (ej,...,em) of the

underlying space for g7 and let A be the structure vector of g relative
to (e1,...,en). Also let

q=(qi)iz, €Z™
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with gi =0for 1 <i<mand q; =1 for m+1 <i<n. Comparing
with Example 3.7 (ii) we see that with this choice of A and q the
hypothesis of Lemma 3.9 is satisfied. Also observe that A;s¢ = Op
whenever

(r,s,t) e{(i,j,k) eT:1<i<m and m+1<j,k<n}

U{i,j,k)eT: 1<j<m and m+1<1i,k<n}
since g; is an ideal. We conclude that A(q) € O(A). But A(q) is a
structure vector for g, € An(IF), where g, is isomorphic to g1 ® an—m
(algebra direct sum). Later on we will see that this result is not true
in general if we only assume that g; is a subalgebra of g. 0

3.1 Some necessary conditions

Various authors (see for example [10],[21],[23],[24],[25]) have consid-
ered necessary conditions for degenerations within special classes of
algebras. In this subsection we consider some of these conditions in
the more general context of algebras over an arbitrary field.

Definition 3.11 Let g = (V,[,]) € An(F). Define the left annihilator
of g by
annpg={ceV: [c,al =0y forall a € V}.

Similarly we can define the right annihilator anng g. The two-sided
annihilator of g is defined by ann g = ann; g Nanng g.

Note that ann; g, anng g and ann g are all [F-subspaces of V. In fact,
ann g is an ideal of g. Also observe that if g € K& (FF) then

annp g = ann g = anng g.

In particular, ann; g = Z(g), the center of g, when g € L5 (IF).

Remark 3.12 If
g=(V,[lg) € X3 (F)

then dimg(anng) #n—1.
Indeed, if
dimpann(g) =n—1

we can then complete a basis (eﬁ{‘;ﬂ of ann g to a basis (e;){* ; of V.
But then
en € anng
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since
len, eilg = 0y = [ei, enlg

for all 1 < i < n, which is a contradiction. In particular, when-
ever g € L& (F) with g # an, then dimp Z(g) < n—2. O

Proposition 3.13 (see Theorem 19.11 at page 153 of [3]) Let
r,s,teZ

withr > 1,s > 1and t > 0. Also let a € F"*5. Then rank a < t if, and
only if, all k-rowed minor determinants of a are zero for k > t.

Definition 3.14 Let
A= ()\ijk) S ans

2

We define the n x n“ matrices

a(A) = (m)1<1<n,1<men?

and

b(A) = (Bim) 1<t 1<men?

in F**"” as follows: The coefficient Xim  (resp., Bim ) is the entry
in position
1—=1n?+m (resp., (m—1)n+1)

of the ordered n3 -tuple (Aijx) (relative to the ordering we have fixed
at the beginning).

For example, for n = 3 we have that

AM11 Az M3 M2 A2z A3 M3t A3z Aq33
a(A) = | Az11 A2z A213 A221 A222 A223 A231 A232 Az33
A311 A312 A313 A321 A322 A323 A331 A332 A333

Note that A = (Aiji) can be recovered from a(A) by placing its rows
one next to the other (starting from the first row and ending with the
last one). Also, for n = 3,

~ M1 M2t Mz Az Aoz A2z Az Azar Aszg
b(A) = A12 A122 A2 A212 A222 A232 A312 A322 A332
A1z M23 M3z A213 A223 A233 A313 0 A323 A3s3

Note that the “transpose” of A can be recovered from b(A) by plac-
ing the columns of b(A) one below the other (starting from the first
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column and ending with the last one).

Remark 3.15 It is then immediate from Proposition 3.13 that the
sets N
A€ F" : ranka(A) < t}

and R B
{AeF" : rankb(A) < t}

are both closed subsets of F™’ in the Zariski topology for any non-
negative integer t.

For
g=(V,[1lg) € An(F)

we denote by g2 the F-subspace of g spanned by all products of
the form [x, yly with x,y € V.

Lemma 3.16 Let g = (V,[]) € An(FF) and let A be any structure vector
of g. Then,

(i) dimg(ann; g) = n—rank a(A)
(i) dimp g? = rank b(A)

ProorF — Assume the hypothesis. Then there exists an F-basis
(ei){-; of V relative to which A is the structure vector of g.

(i) Let
VIF S FY X Xa(A), (X € FY)

(here we identify IF™ with IF1*T). It is then easy to see that
xjey+...+anen €annp g (o € F)

if, and only if,
(¢1,...,0n) € ker V.

Moreover,
dimpimV¥ = rank a(A)

(since im V¥ is the [F-span of the rows of a(A)). We conclude that
dimpg(anng g) = dimg ker¥ = n —rank a(A).

(ii) This is immediate once we observe that g2 is the F-span of all
the products of the form [e;, e;] for 1 <1,j <n. O
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Lemma 3.17 Let g,9, € An(IF) and suppose that g degenerates to g, .
Then,
dimp(anng g1) > dimpg(ann g)

and dimp g% < dimg g°.

ProoF — Assume the hypothesis and let A and v be structure vec-
tors of g and g, respectively. Also let

S1(A) ={u e F™ : rankd(p) < rank a(A)}

and R B B
So2(A) ={u e F" : rankb(u) < rankb(A)}.

In the argument below S(A) can be any one of S7(A), S2(A). It is clear
from Lemma 3.16 that S(A) is a union of orbits, in particular

O(A) C S(A).

Moreover, the set S(A) is Zariski-closed (see Remark 3.15). It follows
that
O(A) € S(A)

and hence v € S(A) since we have assumed that v € O(A). Hence
rank a(v) < rank a(A)

and rank g(v) < rank 5(7\). Invoking Lemma 3.16 again we get the
desired result. O

4 Orbit closures in KX, (F) consisting of precisely
two orbits

We continue with our assumption that IF is an arbitrary infinite field.
For this section we also assume that n > 3 (compare with Exam-
ple 3.4).

Our next aim is to provide a proof of Theorem 1.1. This is achieved
via a sequence of lemmas. We also discuss how this theorem can be

used in order to obtain information about the composition series of
the FG-module X, (IF).
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First we introduce the algebra structures v, and hn, € L5 (F).

Definition 4.1 Let

3
p=(pijx) and N = mix) € F"

be such that the only nonzero components of p are
Pini = IF = —Pnii
for 1 <i<n—1and the only nonzero components of n are

M123 = g = -—M213.

It is easy to observe that p,n € L (FF). Now define tn, hn € L5 (F)
by
1 —1
th=0 (p) and brn=0 (n)
with © as in Remark 2.4.

We have chosen the simpler notation p, ) instead of the more pre-
cise notation p,, N, as n will not vary within our arguments (we
work within a fixed n with n > 3).

Remark 4.2 Keeping the notation of the previous definition, we see
that p is the structure vector of the algebra

Th = (V/ [/]tn) S LS{UF)

relative to the basis (vi)i* ; of V we have fixed, where the only

nonzero products between elements of this basis are

Vi, Vide, = Vi = =, vilen

with1 <ig<n—-1.
Moreover, 1 is the structure vector, again relative to the
basis (vi)i* ; of V, for the algebra

bn = (V,[1p,) € L1 (F),

where the nonzero products between the elements of this basis are

[\)T’vi]hn = v; = _[VE’VT]bn'
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Note that b3 is isomorphic to the Heisenberg algebra and that b, is
isomorphic to the Lie algebra direct sum b3 @ a,,_3. O

We denote by F-sp(x1,...,xn) the set of F-linear combinations of
the elements x1,...,xn of V.

Definition 4.3 Letg=(V,[]g) € An(F).

(i) We say that g satisfies condition (x) if [x,ylg € F-sp(x,y) for
all x,y e V.

(ii) We say that g satisfies condition (*x) if [x,x]g € F-sp(x) for all
x € V.

It is then immediate that every g € X, (IF) satisfies condition (xx).
Moreover, g € An(F) satisfies condition (x*) whenever g satisfies
condition (*) but the converse is not true in general.

It is also clear from the above definition that if g,g7 € An(F) are
isomorphic and in addition g satisfies condition (x), then g; also sat-
isfies condition (*). Hence, the subset

Ae F™° : Ais a structure vector for some g € An(F)

that satisfies condition (x)}

3. . .
of F™ is a union of orbits.

Finally we remark that h,, does not satisfy condition (x) whereas
an, the n-dimensional abelian Lie algebra, satisfies condition (x).
Later on we will show that v, also satisfies condition (*) and even
more, that any algebra g € Xf, (IF) which satisfies condition () is in
fact isomorphic to either ay or tn.

We first focus attention on algebras not satisfying condition (x).
In the proof of the following lemma we use ideas from the proofs
of Theorem 5.2 in [19] and Proposition 2.2 in [18].

Lemma 4.4 Let g = (V,[]g) € An(F) and suppose that g satisfies con-
dition (xx). Suppose further that g does not satisfy condition (). Then g
degenerates to hn. In particular, the hypothesis of the lemma is satisfied by
any g € K5 (IF) which does not satisfy condition (x).
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Proor — Assume the hypothesis. Then there exist elements x,y € V
such that

[x,ylg & F-sp(x,y).

Observe that the set
{X/ U/ [X/ y] g}

is [F-linearly independent. To see this we also need to invoke the fact
that g satisfies condition (*x) so, in particular, y cannot be a scalar
multiple of x otherwise we would have that

[x,ylg € F-sp(x) C F-sp(x,y).

We can thus complete this set to a basis e; =%, e2 =y, ez = [x,ylg,
e4,...,en of V (recall we assume n > 3). Let

A= (Ay) € F’
be the structure vector of g relative to (e;)}* ;. Then
M2z =1 and Ay =0p
for all k > 3. Moreover,
Ai13=—1p and Az =0F
for all k > 3 (this follows from the fact that
le1, e2lg + [e2, e1]g € F-sp(eq, e2)

in view of the hypothesis that g satisfies condition (xx)). Finally note
that

A1k = A2k = Op
for all k > 3.

We want to use Lemma 3.9 in order to complete the proof, so let
q=1(qi)i=; € Z"

where qi =1for 1 <i<2and q; =2 fori> 3. Comparing with Exa-
mple 3.7 (iii), we see that A(q) = n and, moreover, the hypothesis
of Lemma 3.9 is satisfied. We conclude that n € O(A). O
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Next we introduce some more subsets of F™*”. Let
P= {7\ = (Aijkhgi,j,kgn S fKn(]F) : }\ijk = O]F whenever k ¢ {l,)}
and )\iji = Akjk whenever ] € {i, k}}

We also denote by p(FG) and n(FG) the FG-submodules of F° gen-
erated by p and n respectively.
It is easy to see that P is an [F-subspace of X, (F) (and also an

algebraic subset of ]F“3). To compute dimp P, first observe that at
most 2n(n — 1) of the “positions” (i,j,k) € T (with T as in Defini-
tion 3.5) can afford coefficients Aijx which can possibly be nonzero.
This is because for each fixed j only the coefficients Ai;; and Ayjj
(with i # j) can possibly be nonzero. Now the condition Aij; = Ak
whenever j ¢ {i, k} forces

M=o # 1), Adpi=a2 (1 #2),..., A ini = an (1# 1)
for some «y, ..., an € F. Invoking the fact that
Aijj = —Ajyy =~

for j # 1, we conclude that dimg P = n.

Lemma 4.5 P =O0(p)U{0} =0(p) = p(FG).

ProorF — We keep the notation about p and v, we have fixed in Re-
mark 4.2. In particular, we have that
*

Vi Vi, = Vi == vile, (1<i<n—1)

are the only nonzero products between the elements of our basis
(vi)iY ;. Consider now the new basis (u;){* ; of V where

i
n
*
W= pyos
j=1

(with By5 for 1 < 1,j < n being the (i,j)-component of an invert-
ible n x n matrix over IF). We then have, for i # j, that

[ui, ujle, = Brjui — Bniny
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(and [uy, uile, = OF). By setting

i = Pni

fori=1,...,n (note that at least one of the «; is nonzero since the
matrix (Bij) is invertible) and comparing with the discussion imme-
diately before the lemma we get that

P =0(p) u{0}.

Invoking now the fact that P is an [F-subspace of X, (IF), we get that P
is in fact an IFG-submodule of IF“3, from which the equality

P =p(FG)

follows easily. Finally, combining the fact that P is Zariski-closed with
the fact that 0 € O(p) we get that P = O(p). O

We remark in passing that if s is the subalgebra of v, having
F-sp(vj,v},) as its underlying vector space, then a consequence
of Lemma 4.5 is that there is no degeneration from t to s ® an_>
(Lie algebra direct sum). However, this is not a counterexample to

the result in Example 3.10 (ii) as s in fact is not an ideal of t.

Corollary 4.6 (i) tn satisfies condition (x).
(ii) Let A € F™°. Then A belongs to P if, and only if, A is a structure
vector for some algebra g € K% (IF) which satisfies condition (x).

Proor — (i) Let x,y € V. Keeping the notation we have fixed in Re-
mark 4.2 we see that if y € F-sp(x) then [x,yl.,, = Ov (€ F-sp(x,y))
since tn, € Kn(F). If y € F-sp(x) then we can complete {x,y} to a
basis of V. But we have seen in the proof of the previous lemma that
for any choice of basis (u])I* ; of V we have

[uf, uj’] en € F-sp(uf, uj’)

for all i,j. It follows that [x,yl., € F-sp(x,y).

(ii) For the “if” part. Suppose A = (Ayjk) € F™ is the structure
vector, relative to the basis (e;)* ; of V, of g = (V,[,]) € K}(IF),
where g satisfies condition (x). It follows from the properties we have
assumed for g that

Aiik =0 and Ay = —Ajik
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for all 1,j,k and that A5 = Op whenever k ¢ {i,j}. Now let j & {k,1i}
with k # i. We then have,

lei, €] = Aijiei + Aijje;
and
lex, €j] = Akjrex + Ayjje;.

This gives

[(ei +ex), 5] = lei, 5] + [ex, 5] = Aijiei + Ajrex + (Agjj + Axjj)ey.
But from hypothesis [(e; + ey ), e;] € F-sp(e; + ey, €j). This forces

Aiji = Mgk

since e;, ej, ey are three distinct elements of the above basis. We
conclude that A € P.

The “only if” part is immediate from item (i) of this corollary

and Lemma 4.5 since both t,, and a,, belong to L5 (F) C X (F). O

Now tn, hn are not isomorphic, so PN O(n) = @ in view of Lem-
ma 4.5. Moreover, combining Lemmas 4.4, 4.5 and Corollary 4.6 with
the fact that

0c O(A)
for any A € F™ we get the following corollary.

Corollary 4.7 Let A € K (F)\P.

(i) n € O(A).

(ii) If, in addition, A ¢ O(m), then O(A) contains at least 3 distinct
orbits.

In the following remark we collect some facts about the algebra hr,
we will use later.

Remark 4.8 (i): dimg Z(hn) =n—2.
Indeed, comparing with the discussion in Remark 4.2 we easily see
that

{V;;, e /\);} g Z(hn)/

so F-sp(v3,...,viy) € Z(bn). In order to conclude that

dimp Z(hn) =n—2,
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it is enough to show that Z(h,,) C F-sp(v3,..., vy ). Butif
z=x1V] +...+onVi € Z(hn) (o € F),

then
x1v3 = [z, V3ly, =0y = [v7, zlp, = apVv3

which forces o1 = O = «y.
(ii): bn € B (F).
To see this, note that for x1,x> € V,

[x1,%2]p, = ov3

for some « € IF which in turn shows that [x1,%3]y, € Z(bn ). Alterna-
tively, we can observe that

D MiMuem = OF
i

for 1 < 1,j,k, m < n which in turn shows that n € B, (IF).
Lemma 4.9 Let

a=(V,[]) € K&(F)NB(F)

with dimg(anng) =n—2. Then g ~ bhn.

ProoF — Assume the hypothesis. By extending a basis of ann g to
a basis of V we get an F-subspace decomposition

V =[F-sp(by,by) G anng;

in particular, the elements by, b, of V do not belong to ann g, which
also gives that [by, b,] # Oy. From the hypothesis,

[b1,bs] € anng

since
[[b1,b2],x] =0y =[x, [by, b2]]

for all x € V. By completing {[by, b,]} to a basis of ann g we obtain a
basis of V of the form (e;)i* ;, where

e; =by, ex =by, e3 =[by,b;]
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and
anng = F-sp(e3,..., en)

(clearly [by,by] & F-sp(by,b,) since [by,b,] € anng\ {Oy}). Finally,
invoking the fact that g € Xg(F) we get that the structure vector
of g relative to the basis (e;)}* ; is precisely n which is enough to

complete the proof. 0

Lemma 4.10 The only proper degeneration of by is to the abelian Lie
algebra ay. In other words, O(n) = O(n) U{0}.

Proor — Let g € An(F), with g # an, be a proper degenera-
tion of hn. Clearly, g € L5 (FF) since hn, € L5 (F) and as we have

seen, L (FF) is an algebraic subset of F™°. Our assumption g # an
ensures that
dimpZ(g) <n-—-2

(see Remark 3.12). On the other hand, dimg Z(g) > n — 2 in view
of Lemma 3.17 and Remark 4.8 (i) since there is a degeneration
from by, to g. We conclude that

dimp Z(g) =n—2.

Moreover, we have g € BS (FF) since hn, € BS(FF) and B, (F) is also an
algebraic subset of . Invoking Lemma 4.9 we then get that
g =~ hﬂ./

a contradiction. The desired result now follows from the fact that any
algebra structure in A, (F) degenerates to a,, (see Example 3.10 (i)). O

We can now provide a proof of the first of our two main results.

Proor of THEOREM 1.1 — Combine Lemma 4.5, Corollary 4.7
and Lemma 4.10. O

We next look at some consequences of the results so far in this
section.

4.1 On the composition series of the FG-module X, (FF)

Definition 4.11 Let

g=(V, [/]g) € An(IF).
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Fix x € V. We define the adjoint map in g (relative to x) by
ady:V—=V:y—=[xylg, [yeV)

Then ady is an [F-linear map. We say that the algebra structure g is
unimodular if
trace(ady) = Of

for each x € V.
Remark 4.12 Suppose that

(u]/---/un)

is an [F-basis of V and that g€ A, (IF). Observe that if

A= (Ayi) € F

is the structure vector of g relative to (uy,...,un), then

n

trace(ady,) = Z Aijj-
j=1

Letx = ojuq +...+ axnun € V (4 € IF). We then have that
n
trace(ady) = Z aitrace(ad,,).
i=1

It follows that g is unimodular if, and only if, trace(ad.,;) = O for
1 < i< n, and this last condition holds true if, and only if,

n
D Aijj =0k
j=1
for1 <ign O
Definition 4.13 Define U, (FF) to be the set

n
{7\ (Aijk) EJ{“(IF)ZZAij]‘ = O for 1= 1,...,1’1}.

j=1
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It is then immediate that U, (FF) is an F-subspace of F™°. More-
over, Un (IF) is also a union of orbits in view of Remark 4.12. We can

thus regard U, (IF) as an FG-submodule of F.

Next we compute dimp U, (IF). Assume first that
A = (Ajjk) € Kn(F).
This forces
}\iik =0 and Aijk = _Ajik
for 1 <1,j,k < n. We see that this results in A having

In2(n 1) (= dimy: X ()

“free” positions, the components in the remaining positions of A be-
ing forced. With T as in Definition 3.5 we can take for example

T ={ij,k)eT:i<j}
as our set of “free” positions for A. The fact that
Aijk = —Ajik
ensures that T, U T3, where
T ={{ijkleT:i<jand k & {i,j}}
and

T3 ={(,j,k)eT:i#kand k =i},

can also be taken as the set of “free” positions for A € K, (F). We
now make the further assumption that A € U, (IF). Note that T, has

exactly

%n(n—”(n—Z)

members and no new constraints are imposed on the corresponding
coefficients by our further assumption (giving

1
En(n—1)(n—2)
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“free” positions for A € U, (IF) from set T;). The set T3 has exactly
n(n — 1) members which can be conveniently partitioned into n dis-
joint classes each having (n — 1) members. These are the classes

{(1,3,9) 3 #15,25,5) 5 # 2. An4,3) - § #

Now for A to be an element of Uy, (IF) what is required is precisely
the condition that the sum of the coefficients of A corresponding to
the positions within each one of the above classes equals Og. This
gives n(n — 2) “free” positions for A from set T3. We conclude that

dimp Un (F) = Jn(n—1)(n—2) +n(n—2) = yn(n—2)(n+1)

= dimg K1, (F) — = dimp K (F) — dimg p(FG).

We are now ready to construct a spanning set for Uy, (IF) which we
will need in the next lemma. For 1 < r,5,t < n W/i\th T < s and
t ¢ {r,s}, define A(r,s,t) to be the structure vector (Aijx) € Un(IF)

where
1k, if (1,j,k) = (r,s,t),

}\l)k = _]F/ ]-f (l/j/k) - (S/T/t)/

O, otherwise.

Moreover, for 1 < 1,5,t < n with s # t and r ¢ {s, t} define X(T, s, t)

to be the structure vector (Aij) where

e, (L3,K) = (1s,s) or (1j,k) = (47, 1),
A1'.].k = _]]F/ lf (1/]/k) = (T,t,t) or (1IJIk) - (SITI S)r

O, otherwise.

It is then an easy consequence of the preceding discussion that the
union

{X(r,s,t): 1<r,s,t<nwithr<sandté¢{rs}}
U{X(r,s,t): 1<rs,t<nwiths#tandr ¢ {s,t}}

is in fact a spanning set for U, (IF).
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Lemma 4.14 U, (F)=n(FG).

Proor — Note first that n = X(], 2,3). It follows that n € U, (IF) and
hence
N(FG) C Un(IF).

To prove that Un(IF) € n(FG) it is enough to show that the above
spanning set we have constructed for U, () is contained in n(FFG).
It will be convenient in what follows to identify a permutation in the
symmetric group S, with the permutation matrix in G = GL(n, [F)
obtained by applying this permutation on the rows of the identity
matrix. It is then easy to check that for g € S, and

A = (Ayx) € F’,
we have R
where

e

ijk g(i),g9(),g(k):
So, starting with

n=2A(1,2,3)

we can obtain (inside n(IFG)) all elements of Uy, (IF) of the form

~

A(T./ SI t)l

with T < 1,5,t < n and such that r < s and t ¢ {r,s}, we have
described above.

We next consider the action on n by the elementary matrix g’ ob-
tained from the identity matrix by adding the second column of the
identity matrix to its third column. Then

ng’ =A(1,2,3)9’ =A(1,2,3) —A(1,3,2) —A(1,2,3),

SO _
A(1,2,3) € n(FG).

Considering now A(1,2,3) and acting successively by the permuta-
tions
(34), (45),..., (n—1n)
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we obtain the elements
A(1,2,4), A(1,2,5),...,A(1,2,n)

inside n(IFG). By setting g’ to be the n-cycle (nn—1 ... 21) € S;,, we
see that

(A(2,s,t): 1<s,t <nwiths#tand2 ¢ {s,t}} C n(FG).

Finally, it is easy to see that further applications of g’ on this last
subset of elements of n(IFG) generate the remaining elements of the
spanning set we have constructed above. 0

Below we discuss the composition series of Xy (FF) as an FG-mo-
dule. For this we need to consider the cases

charF/(n—1) and charF|(n—1)

separately. Recall our assumption that [F is an arbitrary infinite field
and that n > 3. We include a preliminary remark first.

Remark 4.15 A useful observation is that p € U, (IF) if, and only if,
charF|(n—1).
This is easily seen by considering the basis
(Vi oo, Vi)
of V we have fixed relative to which p is the structure vector of
th = (V,[]t,) € Xy (F)

where

* * *
i, Vil =vi

for 1 <i<n—1 (see Remark 4.2). Then
trace(ad\f{) =0
for 1 <i<n-—1and trace(adyx) = —(n—1) - TE.

Also note that p(IFG) is an irreducible FG-submodule of X, (IF) for
any field F, since, as sets, p(IFG) = O(p) U{0}. O
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(i): case char FF f(n —1).
Then
p(FG) Nn(FG) = {0}

in view of the above remark (recall n(FG) = U, (FF) always). More-
over, our assumption on charlF ensures that n(IFG) is an irredu-
cible FG-module. Indeed, suppose M is a nonzero IFG-submodule
of N(IFG). Then there exists

A € M\ {0}

Since A ¢ p(IFG), invoking Corollary 4.7 we see that

n € O(A).

But O(A) € M since M, as an FG-submodule of ]F“S, is a Zariski-clo-
sed subset of F™’ containing O(A). It follows that n € M. We con-
clude that

M =n(FG)

since
n(FG) € M C n(FG).

This establishes that n(IFG) is irreducible when charlF }(n —1). So,
in this case, p(IFG) and n(IFG) are both irreducible FG-submodules
of Xn(F). Moreover, their dimensions as [F-spaces add up to
dimp Ky, (F) (see the discussion after Definition 4.13) giving

Xn(F) = p(FG) & n(FG).

We conclude that in this case, Xy (IF) has precisely two composition
series, namely {0} C p(FG) C X (F) and {0} C n(FG) C XK, (F).
This is because any irreducible FG-submodule of X (IF) which is
not equal to p(IFG) must necessarily be 1(IFG) by similar argument
as above since such a module contains an element u with n € O(u).

(ii): case charF|(n —1).
Then p € n(FG) and hence

p(FG) € n(FG).

Since p(IFG) is always irreducible (regardless of the characteristic
of IF) we get, again by similar argument as above, that p(IFG) is the
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only irreducible FG-submodule of X, (F) when char F|(n—1) and, in
addition, that every composition series for X (IF) necessarily begins
with

{0} C p(FG) € n(FG).

5 A proof of Theorem 1.2

We assume that [F is an arbitrary infinite field and that n > 2 through-
out this section.

Definition 5.1 Following [18] we introduce the algebra structu-
res 0, and en (o), for o« € FF, as follows. Let

3

&n = (8451) € F™

be the structure vector which has 87112 = T as its only nonzero com-
ponent. Also, for « € F, let

3
en(a) = (e4jk(x)) € F™
be the structure vector which has

e111(x) =1E, €1ii(a) =

for2<ig<nand
eprila) = (Tp — o)

for 2 < i < n as its only components which can possibly be nonzero.
Finally define the algebra structures

O, en(a) € An(IF)

by
On = 671 (5n)

and
en(a) =0 ' (en(a))

with © as in Remark 2.4.

We now collect some immediate consequences of this definition.



78 N.M. Ivanova — C.A. Pallikaros

Remark 5.2 (i) Fix « € F and let (B1,...,Bn) € F™. Also let

gl B1,..., Bn) =(V,[]) € An(F)

be the algebra structure which, relative to our basis (v)i* ;, has the
following as the only components which can possibly be nonzero:

Vi vil=Bvi, (T <i<n)

and
Wi, vi] = aBv] + (1 — a)Bjvi

(for 1 <1i,j <n,1#]j). It is easy to check that
O(en(a)) ={O(g(e; B1,...,Bn)): (B1,..., Bn) # (OF, ..., Op)}.

It follows that, for each « € F, the union
O(en(e)) U{0}
is an [F-subspace of F™’, and

O(en(e)) = O(en(a)) U{0}.
Moreover, for &1, oo € F with o7 # &, we have
O(en(aq))NO(en(ez)) = 2.

Finally note that 6,, does not belong to any of these orbits.
(ii) The algebra structure

Dn = (V/ [/]Dn) € ‘ATL(IF)

satisfies the commutativity relation [x,yly, = [y, xlp, forall x,y € V.
Moreover, 0, € BS(F) and dimp(annd, ) =dimg(anng 9,) =n—1.0

Lemma 5.3 O(8n) = O0(8n)U{0}.

ProorF — Let
g=(V,[1g) € An(FF)

be any degeneration of ?,, with g # a,. In view of the above remark
we get that g € By (FF) and also that [x,ylg = [y, x]4 for all x,y € V.
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Invoking Lemma 3.17 we get in addition that
dimg(anng) = dimg(anng g) =n—1.

We can thus complete a basis (e;)]* , of ann g to a basis (e;){* ; of V.
Then

le1,e1]lg # Ov

(otherwise we would have anng = V). The fact that g € BS(FF) also
ensures that

le1,e1]lg €anng and [ey,eq]lg € F-sp(eq).

Hence we can consider a basis (v;){* , of anng with v, = [e7, eqly.
Completing to a basis (vi)i* ; of V w1th vi =e1 we get that g ~ 9. O

For the remaining lemmas we use ideas similar to those of Proposi-
tion 2.2 in [18]. To obtain results over an arbitrary field we also make
use of Lemma 3.9.

Lemma 5.4 Let g = (V,[,]) € An(F) and suppose g does not satisfy
condition (xx). Then g degenerates to dy,.

ProoF — Assume the hypothesis and let x € V be such that

[x, x] & F-sp(x).

Clearly x # Oy and we can consider a basis (e;)}* ; of V with e; =x
and e; = [x,x]. Let
A = (Agjk)

be the structure vector of g relative to this basis and set

q (ql) =1 EZn

with q; = 1 and q; = 2 for i > 2. Invoking Lemma 3.9 we get the
desired result. O

Combining the results of this section so far with Lemma 4.4 and Co-
rollary 4.6, in order to complete the proof of Theorem 1.2 it suffices to
consider the case g € A (IF) \ X5 (F) with g satisfying condition (x).

Lemma 5.5 Let g = (V,[,]) € An(IF)\ X3 (F) and suppose g satisfies
condition (x). Then g degenerates to en () for some o« € IF.
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Proor — Assume the hypothesis. Since there exists x € V with

[x,x] # Oy,

we can consider, by scaling if necessary, a basis
n
(e1)izy

of V such that [ej,e;] = e; for 1 <k <nand [e;,e;] =0fork+1<
i < n (for some k > 1). Now let & € [F* and fix i with 2 <1 < k
Considering the product

e + &ei, er + &e;l

(which equals to «z (e + &ei) for some «;z € F) and combining with
the fact that
le1,eil +[ei, er] =vier +vies

for some (constant) y1,vi € F we get that
xg =vit+&=1p+&yr.
As a consequence we have that

(g —vi) + (v1 — Tp)& = Op.

This is true for all & € F* from which we deduce that

Yi=vYi=1Ip
We conclude that
le1,ei] +[ej, e1] =e1 + e

for 2 < i < k. Moreover, setting & = —1f in the above argument we
get that
le1 —ei,e1 —ei] =0F

for2 <i<k

n

 , of V where

Next we consider the basis (e])
/ /
€] =e€1,e =e1—¢e

for2 <i<kand ei’ = e for k+ 1 < i < n. By similar argument as
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above (considering the product

le] + &el, e} + Eell

/
i/

for 2 < i< n) we get that [e], e{] +[e
Now let

efl=e/for2 <i<n.

A= (Aijk) S IFns

be the structure vector of g relative to the basis (e{) of V. In view of
the above, we have that A117 = 1 and

A1t +A1ii = 1F

for 2 < i < n. But the A;7; all have the same value for 2 <1 < n
(compare with the proof of Corollary 4.6 — we use the fact that g
satisfies condition (x)). We can thus complete the proof by setting

q=I(qi){z; e 2"
where g1 =0 and q; =1 for 2 < i< nin Lemma 3.9. O

Finally, an easy adjustment of the above arguments ensures that
for n = 2 the algebras 9, and ¢ () for « € FF give a complete list of
elements of

Az (F)\ X3 (IF)

which have a; as their only proper degeneration.
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