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Abstract
In this paper, we show that the direct product of the anchors of two irreducible
characters is the anchor of the tensor product of their irreducible characters. We
prove that the anchor of any irreducible character of a p-group G is G itself. We show
that the degree of any irreducible character � divides the index of the center of its
anchor in a nilpotent group G. We study and explain the relationship between
the anchor of an irreducible character of a subgroup of G which does not contain
a Sylow p-subgroup of G and the anchor of an irreducible character of G.

Mathematics Subject Classification (2020): 20C20, 20C15, 20C05
Keywords: finite group; group algebra; character; defect group; vertex

1 Introduction

Throughout this paper, p is a prime number and (k,R, F) is a p-mod-
ular system which consists of a complete discrete valuation ring R
with field of fractions k of characteristic 0 and the residue
field F = R/J(R) of characteristic p, where J(R) is the Jacobson rad-
ical of the ring R. Let G be a finite group and Irr(G) be the set of
ordinary irreducible characters of G which corresponds to the set
of simple kG-modules. For  2 Irr(G), we consider e to be the
unique central primitive idempotent in kG such that  (e ) 6= 0. The
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algebra RGe is a primitive G-interior R-algebra since Z(RGe ) is a
subring of Z(kGe ).

We organize this paper as follows. Section 2 contains the prelim-
inaries of the relative trace map and the Brauer map on G-algebras
over R. We define the defect group of a G-algebra over R. We intro-
duce the relationship between the Brauer map and the defect groups
which appeared in [2, Lemma 3.1 (1)]. We present some results on
the tensor product of G-algebras, and the formula for the kernel
of the Brauer map BrA1⌦A2

K1⇥K2
which were proved in [1]. Section 3 is

devoted to the study of basic facts of the anchor of an irreducible
character of G, see [11]. The anchor of an irreducible character  
of G is defined as the defect group of the primitive G-interior R-al-
gebra RGe for any irreducible character  of G. We prove Propo-
sition 6 that says the anchor of an irreducible character is a p-sub-
group of G. In Proposition 7, we recast the proof that the largest
normal p-subgroup of G is contained in the anchor of an irreducible
character. We study Proposition 8 which explains the relationship be-
tween the anchor of an irreducible character  of G, the defect group
of the block B of RG and the vertex of indecomposable RG-lattice
affording  .

For the finite groups that appear in this paper, we assume in gen-
eral that k and F are splitting fields. A few places do not require
this assumption. In particular, Propositions 7 and 8 do not need this
assumption.

The fact that the defect group of the primitive idempotent e1 ⌦ e2
of (A1 ⌦R A2)

G1⇥G2 can be expressed as a direct product of defect
groups of ei in AGi

i
for i = 1, 2, was proved in [1]. We shall use the

same idea in that the case of the defect group of the primitive G-in-
terior R-algebra RGe�, for � 2 Irr(G). One of our main results is to
prove that the direct product of the anchors of �i, where �i 2 Irr(Gi)

for i = 1, 2, is the anchor of the character �1⌦�2 which is in Section 4.
The second of our main results is to prove that if G is a p-group then
the anchor of the irreducible character of G is G itself. The third re-
sult is to show that the degree of any irreducible character � divides
the index |G : Z(A�)|, for a p-group G. The generalization of the
same result in the case of nilpotent groups appears in Section 4. A
suitable example for this case is provided. We study and explain the
relationship between the anchor of an irreducible character of a sub-
group of G which does not contain a Sylow p-subgroup of G and the
anchor of an irreducible character of G in Theorem 17.



Some remarks on anchor of irreducible characters 109

2 Definitions and preliminaries

Let p be a prime number, let G be a finite group. Consider A to be
a G-algebra over R. Let Q to be a subgroup of G. We write

AQ
:= {a 2 A : aq

= a for all q 2 Q},

for the set of Q-fixed elements of A under the action by the finite
group G. AQ is a unitary subalgebra of A over R. If Q ✓ L are sub-
groups of G, then AL ✓ AQ. We define the relative trace map as the
function

trL
Q

: AQ ! AL

such that trL
Q
(a) =

P
t2T

at, for all a 2 AQ, where T is a transversal
of Q in L. We write AL

Q
= trL

Q
(AQ

). Then AL

Q
is an ideal of AL.

We define the Brauer map with respect to a p-subgroup K to be the
canonical map

BrA
K

: AK �! A(K);

such that
BrA

K
(a) = a+ IK(A),

where A(K) := AK/IK(A); IK(A) :=
P

P<K
AK

P
+ J(R)AK. The factor

algebra A(K) is called the Brauer quotient and it is clear that it is
an NG(K)-algebra over R, where NG(K) = NG(K)/K.

The following definition is the Green approach to study defect
group, see [6].

Definition 1 Suppose that A is a G-algebra over R and e is a prim-
itive idempotent in AG. We define the set S := {H 6 G : e 2 AG

H
}.

The minimal element of the set S is called a defect group of e in
the G-algebra A over R and is denoted by DefA

G
(e).

The following result describes the relationship between the Brauer
map and the defect groups. This result appeared in [2, Lemma 3.1 (1)].
For two subgroups H and K of G, the symbol H 6G K means the sub-
group H is contained in a G-conjugate of the subgroup K.

Lemma 2 Using the same notation in the definition above. If BrA
D
(e) 6= 0

then D 6G DefA
G
(e), where D is a fixed p-subgroup of G.

Lemma 3 If Ai is Gi-algebra over R and Ki 6 Gi for i = 1, 2. Then

(A1 ⌦R A2)
G1⇥G2

K1⇥K2
' (A1)

G1

K1
⌦R (A2)

G2

K2
.
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The following formula for the kernel of the Brauer map BrA1⌦A2

K1⇥K2

was proved in [1].

Proposition 4 By the same hypotheses as above, we have:

IK1⇥K2
(A1 ⌦R A2) = IK1

(A1)⌦R AK2

2
+AK1

1
⌦R IK2

(A2).

Recall that an interior G-algebra over R is an R-algebra A endowed
with a homomorphism of groups � : G ! A⇥, where A⇥ is the group
of invertible elements of A. Any interior G-algebra is a G-algebra,
since there is a group homomorphism A⇥ ! AutR(A) which maps a
to the inner automorphism Inn(a) of the algebra A. The group alge-
bra RG of G over R is a typical example of an interior G-algebra
over R with � : G ! (RG)

⇥ defined by �(g) = g for g 2 G.

3 Anchor of an irreducible character

In this section, we focus our attention on the characteristics of the
anchor of an irreducible character of a finite group G which appeared
in [11] by R. Kessar, B. Külshammer, and M. Linckelmann.

Consider RG to be a G-algebra over R. Let eB be the block idem-
potent of the block B of RG. Following Green approach, the defect
group D of the block is a unique (up to G-conjugacy) minimal p-sub-
group of G such that eB 2 (RG)

G

D
(see the notation in Section 2).

We explain the relationship between the anchor of an ordinary irre-
ducible character  of G, the defect group of the block of RG and the
vertex group of indecomposable RG-lattice affording  .

Let G be a finite group and Irr(G) be the set of ordinary irreducible
characters of G which corresponds to the set of simple kG-modules.
Let  2 Irr(G). Then  can be uniquely extended to an algebra
map  : kG ! k. We consider the element

e =
 (1)

|G|

X

g2G

 (g-1
)g,

which is the unique central primitive idempotent in kG such
that  (e ) 6= 0. The algebra RGe is a primitive G-interior R-algebra,
since Z(RGe ) is a subring of Z(kGe ).
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Definition 5 Consider G is a finite group and  2 Irr(G). The defect
group of the primitive G-interior R-algebra RGe is called an anchor
of  .

Since the anchor is defect group we have the following proposition
which is similar to Green theory for defect group.

Proposition 6 If A� is an anchor of an irreducible character � of G
then A� is a p-subgroup of G.

Proof — Let Q be a Sylow p-subgroup of G and a 2 (RGe�)
G. Then

trG
Q
(a) = |G : Q|a,

because p is prime to the index |G : Q|. That is, |G : Q| has inverse
in F. Therefore, trG

Q

�
|G : Q|-1a

�
= a. This implies that a 2 (RGe�)

G

Q
.

Thus,
(RGe�)

G

Q
= (RGe�)

G.

We have e� 2 (RGe�)
G, so e� 2 (RGe�)

G

Q
. Since A� is an anchor of �,

it is the minimal subgroup of G such that e� 2 (RGe�)
G

A�
. There-

fore, A� 6 Q. So, A� is a p-subgroup of G. ut

The following proposition is crucial in this work and we extract it
from the paper [11] with more details.

Proposition 7 Suppose that G is a finite group, � 2 Irr(G). If A� is an
anchor of � then Op(G) 6 A�. Where Op(G) is the largest normal p-sub-
group of G.

Proof — Put N = Op(G). We will use indirect proof. Assume
that N ⇥ A�. Then A� � A�N. Let n 2 N, we have

n- 1 2 J(RN) ✓ J(RG).

For all a 2 RGe� and n 2 N then na- a,an-1
- a and

nan-1
- a = nan-1

- an-1
+ an-1

- a ✓ J(RGe�).

We have A� is an anchor of � then there exists a 2 (RGe�)
A� such

that trG
A�

(a) = e�. Thus,

trA�N
A�

(a)- |A�N : A�|a 2 J(RGe�).
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But p divides |A�N : A�|, hence, y = trA�N
A�

(a) 2 J(RGe�). Ap-
ply trG

A�N
to the element y and use the transitivity for the relative

trace map, we get

e� = trG
A�

(a) = trG
A�N

(y) 2 J(RGe�),

which is a contradiction to e� being a unit element in RGe�. There-
fore, it must be Op(G) 6 A�. ut

We remind the reader that the vertex of indecomposable RG-mod-
ule M is a unique (up to G-conjugacy) minimal p-subgroup V of G
such that M is V-projective of G. This is equivalent to that M is a
direct summand of the induced G-module IndG

V (N) for some V-mod-
ule N.

Proposition 8 Let G be a finite group and  2 Irr(G) which belongs
to the block B of RG. Suppose that A is an anchor of  . Let L be an
indecomposable RG-lattice affording  . The following hold:

(1) a defect group of B contains A ;

(2) a vertex of L is contained in A .

Proof — (1) Consider D to be a defect group of the block B. Then
by the definition eB 2 trG

D

�
(RG)

D
�
. Then there exists c 2 (RG)

D

such that trGD(c) = eB. Now ce 2 (RGe )
D. Then

trGD(ce ) = trGD(c)e = eBe = e .

Thus, e 2 (RGe )
G

D. Since A is an anchor, it is a minimal p-
subgroup such that e 2 (RGe )

G

A 
. Therefore, A is contained in

the defect group D of B.
(2) Consider A is an anchor of  , then A is a defect group of a
primitive G-interior R-algebra RGe which implies that

e 2 trG
A 

�
(RGe )

A 
�
.

In particular, there exists x 2 (RGe )
A such that trG

A 
(x) = e . The

map � : L ! L which, �(l) := xl is an element in EndRA 
(L) = idL.

By Higman’s Criterion (see [13, Theorem 2.2]) L is A -projective.
Since the vertex V of L is the minimal p-subgroup such that L
is V-projective, L is contained in A . ut
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Theorem 9 Let G be a finite group,  2 Irr(G) which belongs to the
block B of RG. Suppose that A is an anchor of  . let L be an indecompos-
able RG-lattice affording  . The following hold:

(1) if  has full defect, then A is a defect group of B;

(2) if B has an abelian defect group D, then D is an anchor of  .

Proof — (1) Let d be the defect number of  . Suppose that  has
full defect, we know that

d = �p

✓
|G|

 (1)

◆
,

where �p is a valuation on the field k such that �p(p) = 1. There-
fore  (1)p = |G : D|p, where D denotes a defect group of B. The
vertex V of an indecomposable RG-lattice L is a subgroup of a con-
jugate of D and the p-part of the index |G : V |p divides the R-rank
of L by [3], Theorem 19.26. Hence, it divides  (1)p = |G : D|p. So,
there is a positive integer t such that |G : D|p = t|G : V |p. It follows
that |V | = t|D|. So, it must be |V | = |D| and V =G D. But from Propo-
sition 8, the vertex V of an indecomposable RG-lattice L is contained
in an anchor of  . Thus, A is a defect group of B.
(2) Suppose that B has an abelian defect group D. Then from [12],
we have Braure’s Height zero Conjecture which states as follows “if
block B has an abelian defect group then all irreducible characters
in B have height zero”. So, all irreducible characters in the block B

have full defect. Then the result holds from item (1) in this theorem. ut

Corollary 10 If � 2 Irr(G) has a degree prime to p, then the anchor of �
is a Sylow p-subgroup of G. In particular, a principal irreducible character
has a Sylow p-subgroup as an anchor.

Proof — Suppose that � 2 Irr(G) has a degree prime to p, then
by [5, Corollary 1] a Sylow p-subgroup of G is a vertex of the inde-
composable FG-module which affords �0. Thus, a Sylow p-subgroup
of G is contained in every vertex of indecomposable RG-lattice afford-
ing �. From Proposition 8 (b), the desired is achieved. In particular,
since the principal irreducible character has degree one, it is prime
to p. Therefore, it has a Sylow p-subgroup of G as an anchor. ut

Recall that we say that G is a solvable group if it has a subnormal
series whose factor groups are all abelian. We can construct solvable
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groups by repeated extensions of abelian groups. Solvable group is
rich of normal subgroups and hence Clifford theory can be used. For
recent book in characters of solvable groups, the reader can see [9].

Let � 2 Irr(G). Then � is said to be p-special if it satisfies: the
degree of � is p-number (a multiple of the prime number p) and if N
is a subnormal of G and � 2 Irr(N) such that hResG

N
(�), �i > 0, then

the determinantal order of � O(�) = O
�

det(�)
�

is a p-number (that
is, the order of det(�) as an element of the group of linear characters
of G by [8, Proplem 2.3]). The following example appeared in [11].

Example 11 Let p = 2, G = GL(2, 3) which has a Sylow 2-subgroup
semidihedral group

SD16 = ha,b|a8
= b2 = 1,bab-1

= a3i.

Let H = SL(2, 3) which has a Sylow 2-subgroup Q8 and C3 is a com-
plement of Q8 in H. Consider  2 Irr(Q8) as follows:

[1] [a2
] [a] [b] [ab]

 2 -2 0 0 0

Where � 2 Irr(H) is the unique extension of  with determinantal or-

(I) [(Z)] [(b)] [(c)] [(d)] [(Zc)] [(Zd)]
� 2 -2 0 -1 -1 1 1

der O(�) is a power of 2. Since we have Q8 E SL(2, 3)
and SL(2, 3)/Q8 ' C3 solvable group. We have det( ) = 1Q8

from Ex-
ercise 2.4 in [8]. The order of  is O( ) = O(1Q8

) = 1, then we have
�
| SL(2, 3) : Q8|,O( ) (1)

�
= (3, 2) = 1.

Hence, from [8, Corollary 6. 28],  2 Irr(Q8) has a unique exten-
sion � 2 Irr

�
SL(2, 3)

�
with

�
| SL(2, 3) : Q8|,O( )

�
= 1 and O(�) = O( ).

Take � 2 Irr(G) as the extension � to G as follows:

Then � is 2-special. Furthermore, �0 2 IBr
�

GL(2, 3)
�

as follows:
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(I) 2A 2B 3 4 6 8A 8B

� 2 -2 0 -1 0 1 -
p
-2

p
-2

[1] [(3)]
�0 2 -1

Note that �0 = IndG

H(⌘0), where ⌘0 is a linear Brauer character of H.

(I) [(c)] [(d)]
⌘0 1 !2 !

It is clear from the computations above that the restriction ResG
C3
�0

is equal to the aggregate of two different irreducible Brauer charac-
ters of C3. Thus, Q8 is a vertex of the unique indecomposable FG-mod-
ule which affords �0 and Q8 is a subgroup of each vertex of inde-
composable RG-lattice affording �. From the previous details, � is
not found by induced any character of H. Thus, the indecompos-
able RG-lattice affording � is not H-projective. Hence, Q8 is a proper
subgroup of a vertex of RG-lattice affording �. Therefore, a vertex of
indecomposable RG-lattice affording � is a Sylow 2-subgroup of G.
Let A� be an anchor of �. We have SD16 is a vertex of the indecom-
posable RG-lattice affording �. From Proposition 8, we obtain A� con-
tains SD16 and a defect group of the block of RG which contains �
contains A�. Thus, the anchor of � is the defect group of the block
of RG which containing �. It is equivalent to a Sylow 2-subgroup
of G.

4 Main Results

In this section, let Gi be a finite group for i = 1, 2. We prove that
the direct product of the anchors �i, where �i 2 Irr(Gi) for i = 1, 2,
is the anchor of the irreducible character �1 ⌦ �2. We prove that if G
is p-group then the anchor of the irreducible character of G is G itself.
Let A� be the anchor of irreducible character � of G. We show that
the degree of any irreducible character divides the index [G : Z(A�)]
in a p-group G. We generalize the result to nilpotent groups and give
a suitable example. We study and explain the relationship between
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the anchor of an irreducible character of a subgroup of G which does
not contain a Sylow p-subgroup of G and the anchor of an irreducible
character of G.

Theorem 12 Let �i 2 Irr(Gi) with an anchor A�i , for i = 1, 2. Then

A�1 ⇥A�2 = A�1⌦�2 .

Proof — Then �1 ⌦ �2 2 Irr(G1 ⇥G2) from [8, Theorem 4.21]. We
have that A�i is an anchor of �i, for i = 1, 2. Hence A�i is a mini-
mal p-subgroup of Gi with respect to the condition e�i 2 (RGie�i)

Gi

A�
i

for i = 1, 2. Then there is yi 2 (RGie�i)
A�

i such that trGi

A�
i

(yi) = e�i
for i = 1, 2. From Lemma 3, we have

(A1 ⌦R A2)
G1⇥G2

A�
1
⇥A�

2

' (A1)
G1

A�
1

⌦R (A2)
G2

A�
2

.

We get

e�1 ⌦ e�2 = trG1

A�
1

(y1)⌦ trG2

A�
2

(y2),

= trG1⇥G2

A�
1
⇥A�

2

(y1 ⌦ y2) 2 (RG1e�1 ⌦R RG2e�2)
G1⇥G2

A�
1
⇥A�

2

.

Hence, A�1⌦�2 6 A�1 ⇥A�2 . Conversely assume A�1⇥A�2 ⇥ A�1⌦�2 .
Then from Lemma 2, we have

BrA�
1
⌦�

2
(e�1 ⌦ e�2) = 0.

Hence, it follows from Proposition 4 that BrA�
1
(e�1)⌦R BrA�

2
(e�2)

belongs to

IA�
1
(RG1e�1)⌦R (RG2e�2)

A�
2 + (RG1e�1)

A�
1 ⌦R IA�

2
(RG2e�2).

Thus, either BrA�
1
(e�1)2IA�

1
(RG1e�1) or BrA�

2
(e�2)2IA�

2
(RG2e�2),

this implies that BrA�
1
(e�1) = 0 or BrA�

2
(e�2) = 0. This means

that e�1 and e�2 are not local points, which contradict with A�i is
a defect group of RGie�i for i = 1, 2. Thus,

A�1 ⇥A�2 = A�1⌦�2

and we are done. ut
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Proposition 13 If G is a p-group then the anchor of any irreducible char-
acter of G is G itself.
Proof — Plesken [14] proved that if G is a p-group and  2 Irr(G),
then there is an RG-indecomposable lattice which affords  with
vertex G. Then Proposition 8 (2) implies the result. ut

We present our main result for a p-group G the degree of any
irreducible character � of G divides the index of the center of its
anchor.

Theorem 14 If G is a p-group and � 2 Irr(G) has anchor A� then �(1)
divides the index |G : Z(A�)|.

Proof — First we need to show that: If  is a character of Z(G) then
X

x2Z(G)

| (x)|2 > |Z(G)| (1).

Suppose that

 =
P
 i2Irr

�
Z(G)

� ni i (ni > 0,ni 2 Z).

We have
P

n2

i
> P

ni for all  i 2 Irr(Z(G)) for all i. Now,

h , i =
*

X

 i2Irr
�
Z(G)

�
ni i,

X

 i2Irr
�
Z(G)

�
ni i

+

=

X
n2

i
h i, ii >

X
ni =  (1).

(?)

From the First Orthogonality Relation, see [8, Corollary 2.14] we have

h , i = 1

|Z(G)|

X

x2Z(G)

 (x) (x) =
1

|Z(G)|

X

x2Z(G)

| (x)|2.

Substituting by h , i in (?) we obtain

1

|Z(G)|

X

x2Z(G)

| (x)|2 >  (1) and

X

x2Z(G)

| (x)|2 > |Z(G)| (1).
(??)
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If � 2 Irr(G), then �Z(G) is a character of Z(G) and ?? implies

�Z(G)(1) |Z(G)| 6
X

x2Z(G)

|�Z(G)(x)|
2 6

X

x2G

|�(x)|2 = |G|.

Since �(1) = �Z(G)(1), therefore, �(1) 6 |G : Z(G)|. From [8, Theo-
rem 3.11], the degree of the irreducible character of G is dividing
the order of G. Further, if G is a p-group, �(1) must divide the in-
dex |G : Z(G)|. Indeed, since G is a p-group, by Proposition 13 we
conclude that �(1) divides the index |G : Z(A�)|. ut

Corollary 15 If G is a finite nilpotent group and � 2 Irr(G) has an-
chor A�, then �(1) divides the index |G : Z(A�)| for all � 2 Irr(G).

Proof — Suppose G is a finite nilpotent group of order
Q

m

i=1
pni

i
,

where p1,p2, . . . ,pm are distinct prime numbers. Then G is the direct
product of its Sylow groups from [7, Proposition 7.5], that
is, G=

Q
m

i=1
Si, where Si is a Sylow pi-subgroup of G. If �Si

2 Irr(Si),
then

�Si
(1) | |Si : Z(A�S

i
)|

for i = 1, . . . ,m. So, there is ti 2 Z+ such that |Si : Z(A�S
i
)| = ti�Si

(1)

for i = 1, . . . ,m. By [7, Corollary 8. 11 ] we have

mY

i=1

Si/
mY

i=1

Z(A�S
i
) '

mY

i=1

Si/Z(A�S
i
).

It follows that
�����

mY

i=1

Si :
mY

i=1

Z(A�S
i
)

����� =
mY

i=1

ti�Si
(1).

The irreducible character � of G =
Q

m

i=1
Si is of the form

� = �S1
⌦ �S2

⌦ . . .⌦ �Sm
,

where �Si
2 Irr(Si), i = 1, . . . ,m, from [8, Theorem 4.21]. Hence

�(1) =
mY

i=1

�Si
(1).
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From Theorem 12, A� = A�S
1
⇥ . . . ⇥ A�Sm . From Proposition 13

we know that the anchor of any irreducible character of a Sylow p-
subgroup:= S is S. Thus, if "we deal with p = pj", then the anchor of
the irreducible character �Sj

of Sj is Sj while the anchor of the other
irreducible characters �Si

of Si is the trivial group for all i 6= j. So,

A� = {1G}⇥ . . .⇥ {1G}⇥ Sj ⇥ {1G}⇥ . . .⇥ {1G} ' Sj.

We have that the center of a direct products of groups is equal to the
product of the centers of the groups by Exercise 5.1.1 in [4],

Z(A�) = Z(A�S
1
)⇥ . . .⇥Z(A�Sm ).

Thus, |G : Z(A�)| = t.�(1), where t =
Q

m

i=1
ti. Thus, we get the

desired claim. ut
Example 16 Consider the extraspecial p-group G = C

p2 : Cp, of
order p3. The anchor of any irreducible character � of G is G itself,
that is, A� = G for all � 2 Irr(G). The center Z(G) ' Cp. The degree
of

Irr(G) = 1, 1, . . . , 1| {z }
p2 times

, p, . . . ,p| {z }
(p-1) times

.

For all � 2 Irr(G), �(1) | |G : Z(A�)| = p2.

Theorem 17 Let H be a subgroup of G which does not contain a Sy-
low p-subgroup of G. Let � 2 Irr(G) and ✓ 2 Irr(H) such that � lies over ✓,
that is hResG

H
�, ✓i 6= 0. If H contains the anchor of �. Then the anchor of ✓

is contained in the anchor of �.

Proof — Let A� be the anchor of � and A✓ be the anchor of ✓.
Assume the result does not hold. From Definition 1, A� is the min-
imal p-subgroup of G such that e� 2 (RGe�)

G

A�
. Then there ex-

ists c 2 (RGe�)
A� such that trG

A�
(c) = e�. Since e✓ is the unique prim-

itive idempotent in Z(kH) satisfying 0 6= ✓(e✓). So a primitive H-alge-
bra RHe✓ contains e✓ as the unique identity such that hResG

S
�, ✓i 6= 0,

then e�e✓ = e✓. We have RHe✓ ✓ RGe�, so ce✓ 2 (RGe�)
A� . Now

trG
A�

(ce✓) = trG
A�

(c)e✓ = e�e✓ = e✓.

Thus, e✓ 2 (RGe�)
G

A�
. Without loss of generality, we may assume

e✓ 2 (RHe✓)
G

A�
. By [15, Proposition 11.4 (a)], we have A� 6 H 6 G
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then
trG
H

�
(RHe✓

�H
A�

) = (RHe✓)
G

A�
.

It follows from [15, p.89] that (RHe✓)
H

A�
is an ideal of (RHe✓)

H and
that (RHe✓)

G

A�
is an ideal (RHe✓)

G. Therefore,

(RHe✓)
G

A�
✓ (RHe✓)

H

A�
,

since (RHe✓)
G 6 (RHe✓)

H. Thus,

e✓ 2 (RHe✓)
G

A�
6 (RHe✓)

H

A�
.

From [10, Corollary 1.4 (i)], we obtain

(RHe✓)
H

A�
✓ (RHe✓)

H

A✓
.

This is a contradiction since A✓ is the minimal p-subgroup of H such
that e✓ 2 (RHe✓)

H

A✓
. ut

Example 18 Let p = 2, G = S5 be the symmetric group of degree
five, and H = A5 6 G is the alternating group of degree five. Con-
sider � 2 Irr(G) of degree four, such that ✓ = ResG

H
� 2 Irr(H). The

anchor A� of � is isomorphic to C2. Which is the cyclic subgroup of
order two. That is because � belongs to the block B1 which is of de-
fect one. It follows that the defect group of the block B1 is of order 21
which is isomorphic to C2. The anchor of ✓ is the trivial group as ✓
is of defect zero.

In Theorem 17 if H is a Sylow p-subgroup of G, then from Proposi-
tion 13 the anchor of any irreducible character of H is H itself. Since
the anchor of any irreducible character of G is a p-subgroup of G, it
is contained in the anchor of any irreducible character of H.

Example 19 (1) Let p = 2, G = S4 be the symmetric group of
degree four, with Sylow 2-subgroup the dihedral group D8. Con-
sider � 2 Irr(S4) as follows:

[(1)] [(12)] [(123)] [(12)(34)] [(1234)]
� 2 0 -1 2 0

by restriction to D8 we obtain:
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[(1)] [(12)] [(1324)] [(12)(34)] [(14)(23)]

ResS4

D8
� 2 0 0 2 2

Note that ResS4

D8
� = ✓1 + ✓4, where ✓1, ✓4 are linear irreducible

characters of D8. The anchor A� is the Klein four subgroup V4

from [11, Example 5.8 (2)]. Now all elements ✓i of Irr(D8) have an-
chor D8 itself, from Proposition 13. Thus,

A� = V4 6 A✓i = D8, for i = 1, 4.

(2) Let p = 2, G = S5 and a Hall-subgroup H = S4 of G which
all have a Sylow 2-subgroup isomorphic to the dihedral group D8.
Consider � 2 Irr(G) of degree four. The anchor A� of � is isomorphic
to C2, the cyclic group of order two. Note that ResG

H
� = ✓1 + ✓3,

where ✓1, ✓3 2 Irr(H) such that ✓1 the principal character and ✓3 is
of degree 3. By Corollary 10 their anchors are Sylow 2-subgroups
of H. Thus, A� 6 A✓i for i = 1, 3.

Acknowledgement

This work forms part of the first author’s PhD studies at the Math-
ematics Department at Umm Al-Qura University. The authors are
grateful to the referee for his/her valuable comments and sugges-
tions which improve the writing of this paper.

R E F E R E N C E S

[1] A.M. Alghamdi – A.A. Khammash: “Defect groups of tensor
modules”, J. Pure Appl. Algebra 167 (2002), 165–173.

[2] L. Barker: “Blocks of endomorphism algebras”, J. Algebra 168
(1994), 728–740.

[3] C.W. Curtis – I. Reiner: “Methods of Representation Theory”,
Wiley, New York (1981).



122 M.H. Algreagri – A.M. Alghamdi

[4] D. Dummit – R. Foote: “Abstract Algebra”, Wiley, Hoboken, NJ
(2004).

[5] J.A. Green: “On the indecomposable representations of a finite
group”, Math. Z. 70 (1958/9), 430–445.

[6] J.A. Green: “Some remarks on defect groups”, Math. Z. 107
(1968), 133–150.

[7] T.W. Hungerford: “Algebra”, Springer-Verlag, New York (1974).

[8] I.M. Isaacs: “Character Theory of Finite Groups”, Dover, New
York (1976).

[9] I.M. Isaacs: “Characters of Solvable Groups”, American Mathe-
matical Society, Providence (2018).

[10] G. Karpilovsky: “Symmetric and G-Algebras With Applications
to Group Representations”, Kluwer, Dordrecht (1990).

[11] R. Kessar – B. Külshammer – M. Linckelmann: “Anchors of
irreducible characters”, J. Algebra 475 (2017), 113–132.

[12] B. Külshammer: “Modular representations of finite groups:
conjectures and examples”, Sitzungsber. Math.-Naturwiss. Kl. 7
(1996), 793—125.

[13] H. Nagao – Y. Tsushima: “Representations of Finite Groups”,
Academic Press, San Diego (1989).

[14] W. Plesken: “Vertices of irreducible lattices over p-groups”,
Comm. Algebra 10 (1982), 227–236.

[15] J. Thévenaz: “G-Algebras and Modular Representation Theory”,
Oxford Science Publications, Oxford (1995).

Manal H. Algreagri (corresponding author)
Department of Mathematics
Jamoum University College
Umm Al-Qura University, Makkah (Kingdom of Saudi Arabia)
e-mail: mhgreagri@uqu.edu.sa

Ahmad M. Alghamdi
Mathematics Department
Faculty of Sciences
Umm Al-Qura University, Makkah (Kingdom of Saudi Arabia)
e-mail: amghamdi@uqu.edu.sa


	M. Trombetti: Editorial
	E. Di Domenico — S. Gül — A. Thillaisundaram: Beauville structures for quotients of generalised GGS-groups
	N.M. Ivanova — C.A. Pallikaros: Degenerations of complex associative algebras of dimension three via Lie and Jordan algebras
	F. Szechtman: The automorphism tower of the Mennicke group M(-1,-1,-1)
	M.H. Algreagri — A.M. Alghamdi: Some remarks on anchor of irreducible characters
	I.N. Safonova: On the -closedness of n-multiply -local formations
	M. Ferrara: Join-distributive elements in the lattice of closed subgroups of a profinite group

