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Abstract

Unfortunately “Corrigendum to Characterizations of Fitting p-groups whose proper
subgroups are solvable” contains an error in the conclusion part of Lemma 2.1 (c).
This forces a minor new adjustment in the statement of Theorem 1.1 and of Corol-
lary 1.2 for p = 3 stated in [6]. The new statements of the theorem and its corollary
are stated below. The powerfulness property is used throughout the proofs. There-
fore a short introduction of this property to infinite nilpotent p-groups is given
in Section 2.
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1 Introduction

The following Theorem 1.1 is the same as the one in [6] with a minor change
for the case p = 3. But it is separated into two parts in order to make the
statements simpler.

Theorem 1.1 Let G be a Fitting p-group satisfying the normalizer condition,
where p#2. Suppose that in every homomorphic image H of G each A-pair (wy, Vi)
has a (wy, Vi )-maximal subgroup satisfying the (xx)-property. Then the following
hold.

(@) Ifp > 3, then G cannot be perfect.
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(b) If p =3, then G either is not perfect or has a homomorphic image H having
a dominant pair (wy, Vi) with W*(wy, Vi) = 1 such that the following
hold. H has a normal nilpotent metabelian subgroup By of class c(By) =3
and exp(Bn/Z(Bw)) < 9 such that B has a normal subgroup X with the
properties Z(B) < X, B/X is elementary abelian and X is not powerful.

In the proof one encounters with a normal nilpotent subgroup of class 3.
The case p > 3 can settled without much difficulty since then this normal
subgroup is regular by [9, Ill.10.2 Satz] but for p = 3 there is no similar
restriction on B.

Corollary 1.2 Let G be a Fitting p-group satisfying the normalizer condition in
which every proper subgroup is solvable, where p # 2. Suppose that in every ho-
momorphic image H of G every dominant pair (wyy, Vi) has a (wyy, Viy)-maximal
subgroup satisfying the (sx)-property. If G is not solvable, then p = 3 and has a
homomorphic image H having a dominant pair (wy, Vi) with W*(wy, Vi) =1
such that the following hold. H has a normal nilpotent metabelian subgroup By of
class ¢(By) = 3 and exp(Bn/Z(Bn)) < 9 such that B has a subgroup X with the
properties Z(B) < X, B/X is elementary abelian and X is not powerful.

By coincidence Theorem 1.1 provides a good example for an application
of powerfulness property to infinite groups (see also Corollary 2.7).

The lemmas of this work are new. Lemma 3.1 is parallel to [5, Lemma 2.5]
and Lemma 3.2 is extracted from [6, Lemmas 2.1].

c(X), d(Y), denote the class of a nilpotent group X and the derived length
of a solvable group Y, respectively. Furthermore for a p-group G

01(G) =(ge G:gP =1)and Uy(G) = (g"" : g € G)

for every k > 0 (for the other notations and definitions see [5,8,9,12]).

2 The Powerfulness Property

We begin by extending the definition of a “powerful group” given by Lubotz-
ky and Mann in [12] for finite p-groups to locally finite p-groups.

Definition 2.1 Let G be locally finite p-group and L < G, where p > 2. Then G
is called powerful if

G’ <U4(G)
and L is called powerfully embedded in G if

(L, G] < Gy (L).

Thus G is powerful if and only if Frat(G) = U1(G). Furthermore if L is
powerfully embedded in G, then L <G and is powerful. Trivially if L is
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powerful (powerfully embedded) and M < L(M < G), then L/M (LM/M) is
powerful( powerfully embedded).

The following contains just a few of the beginning properties of power-
ful groups obtained in [12] and the proofs given here (except Lemma 2.6
and Corollary 2.7) are repetitions of the ones given there.

Let N < H < G such that N is powerfully embedded in G and H/N is
cyclic. Then H is powerful. Indeed

O1(H) > 01(N) > [N, H] = H’
by [7, Lemma 2.1]

Lemma 2.2 Let G be a nilpotent p-group and let K be a normal subgroup of G
so that K/[K, G, G] is powerfully embedded in G/[K, G, G]. Then K is powerfully
embedded in G.

PrOOF — Assume not. Then [K, G] £ U1 (K). Since
[K, Gl < U1 (K)[K, G, G]
we have [K, G] = (U (K) N[K, G))[K, G, G]. Put
M =0; (K) N K, Gl.

Then M < [K, G]. Put G = G/M and let s = ¢(G). Then there exists an r < s
so that

but [K, G] < Z+(G). Then

K, GlZ,_1(G)/Z;—1(G) < Z(G/Z,_1(G))

and hence [K,G,G] < Z,_1(G). Put Z/M = Z,_1(G). Then [K,G,GIM < Z
but [K,G] £ Z since [K,GIM/M % Z,_1(G). But since [K,G] = [K,G,GIM
this gives a contradiction. O

Lemma 2.3 Let G be a nilpotent p-group and let N be powerfully embedded in G
such that [N, G] < Z5(G). Then

U1(IN, G]) = [U1(N), G].

ProorF — First we show that [0 (N),G] < U1([N,G]). Let aP € U;(N)
and g € G. Then it is easy to see that

[a”, g = [a, g [a,g,a}) = ([a, glla, g, a] P~T))P

since [N, G] < Z5(G), which verifies the assertion.
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Next we show that [07(N), G] > U7 ([N, G]). For this it suffices to show
that if [U1(N),G] =1, then G1([N,G]) =1. Let a € N and g € G. Then

[a,g]” = (a'a9)P = (a~")P(a9)P[ad,a" "] " F

- [(ag)p,a—1]—(p—1)/2 -1

by [8, Lemma 2.2.2 (ii)] since [a, a¥9] = [a, ala, g]] = [a, [a, g]] € Z(G). Hence
it follows that U ([N, G] > [U7(N), G]. O

Lemma 2.4 Let G be a nilpotent p-group and let M,N be powerfully embedded
in G. Then [N, G], B1(N), [M, N] and MN are powerfully embedded in G.

Proor — First we show that [N, G] is powerfully embedded in G. By Lem-
ma 2.2 we may suppose that [N,G,G,G] = 1. Then [N, G] < Z,(G). Thus
applying Lemma 2.3 gives

U1(IN,G]) = [61(N),G] > [N, G, G]

since [N, G] < U1(N) and so [N, G] is powerfully embedded.
Next we show that U (N) is powerfully embedded. As above we assume
that [U1(N), G, G] =1 and so U1(N) < Z,(G). Applying Lema 2.3 gives

U1(61(N)) = U1(IN,G]l) = [01(N), G]

which was to be shown.
Next we show that [M, N] is powerfully embedded. Again we assume that
IM,N, G,G] =1 and so
[M,N] < Z,(G).

First we show that [MP,N] < [M,NJP. Let m € M and n € N and
put K = (m, [m,n]). Then

(mP,n] = [m,n]?P mod v,(K)Pyp(K) (1)
by [10, VIII Lemma 1.1 (b)]. Since [M, N] < Z,(G), [m, [m,n]] € Z(G) and so

v2(K) = ([m, [m,n]]¥ = ([m, [m,n]]) < Z(G).

Then vy, (K) = 1 since p > 2. Thus (1) reduces to
[mP,n] = [m,n]P ([m, [m,n]]*)P € [M,N]P (2)

fora k > 1. Next
[, P = (™ Tm™)P = mP (") Py (K)Pyp (K)
by [10, VIII Lemma 1.1 (a)]. Here

Y2(XK) = (Im, [m,n]]) < Z(G)
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and so vy (K) =1 as above. Therefore

m, 1P = m P (m™)P([m, [m,n]]*)P = [mP,n][m P, [m,n]] € [IMP,N] (3)

Now (2) and (3) gives
[M, NJP = [MP,N].

In the same way it follows that [N, M]P = [NP, M]. Therefore
[M,N]P = [MP,N] > [M, G,N] and [N, M]? =[NP, M] > [N, G, M]
since M and N are powerfully embedded and hence it follows that
[M,N]P > [M,N, G]

by the Three-Subgroup Lemma, which was to be shown.

Finally
01(MN) > U7 (M)U;1(N) > [M, G][N, G] = [MN, G]
and so MNN is powerfully embedded. O
Corollary 2.5 Let G be a powerful nilpotent p-group.
(a) The groups vi(G), GW, Ui(G) and ®(G) are powerfully embedded in G.
(b) If Giy1 S H Gyandi> 2, then H is powerful.
ProOF — (a) is trivial and (b) follows from

U1(H) =2 01 (vi+1(G)) = [vi+1(G), Gl =vi112(G)
> v2i(G) = vi(G),vi(G)] > H

since 1 > 2. a

Lemma 2.6 Let B be a nilpotent p-group which is powerful, where p > 2.
If B=Q1(B), then B is abelian.

Proor — First we show that exp(B) < p. We use induction on ¢(B) and we
may assume that ¢(B) > 1. Then

exp(B/vc(B)) <p
by the induction assumption since B/y(B) is powerful. This implies that

01(B) < ve(B).
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Then also B < y(B) since B is powerful and so ¢ =2. Clearly then exp(B)=p
by [8, Lemma 5.3.9 (i)], which completes the induction. Now since

B’ <U;y(B) =1

it follows that B’ = 1 and so B is abelian. O

Corollary 2.7 Let G be a locally finite p-group whose proper subgroups have
finite exponent, were p # 2. If Qy (M) is nilpotent and powerful for every proper
normal subgroup M of G and k > 1, then G cannot be perfect.

ProoF — Assume that G is perfect. Let a € G and put
Mq=(a%:g € G).

Then M # G since G is a union of proper normal subgroups by [13, 12.1.6].
Also My = QO (Mg), where |a] = p¥. Therefore M, is nilpotent and power-
ful by the hypothesis. Clearly it follows from this that G is a Fitting group.

Now let
I={aeG:l|ad =p}

Let a € I. Then M4 # G since G is a Fitting group by the above paragraph.
Thus M is nilpotent and powerful by the hypothesis since Mq = Q1(Mg).
Therefore M is abelian by Lemma 2.6. Next let b € 1. Then also MMy, is
abelian since MqMyp, = Q1(MqMyp ). Hence it follows that (I) = Q¢(G) is a
normal abelian subgroup of G with exp(Q;(G)) = p. Now it follows from
this by an easy induction that

exp(Qx(G)) =p* and Qx(G)/Qx_1(G)

is abelian for every k > 1, if Oy (G) # G (7).

First suppose that exp(G ):p“ foranm > 1. Then exp(Qn,_1(G)) <p
and so exp(G/Qn_1(G)) =p by (1). Put

G=G/Qn_1(G).

Then G is perfect and satisfies the hypothesis of the theorem. Let @ € G and
put M = (a®). Then M < G since G is a Fitting group. Thus M is nilpotent
and powerful by the hypothesis since M = Q(M). Clearly then M is
abelian by Lemma 2.6 and so it follows as in the preceding paragraph that G
is abelian, which is impossible since G is perfect. Therefore exp(G) = co and
so G is a minimal non-(finite exponent) p-group

Now G is generated by a subset of finite exponent by [1,Theorem 1.1]
since G = G'. Clearly then without loss of generality we may suppose that G
is generated by a subset X of exponent p. Thus now if we consider X instead
of I above, then it follows that (X) is abelian since G is a Fitting group. But
then G is abelian since G = (X), which is another contradiction. Therefore
the assumption is false and so G cannot be perfect. O
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3 Proof of Theorem 1.1

The following lemma is a different version of [5, Lemma 2.5] (see remark
below).

Lemma 3.1 Let G be a perfect locally finite p-group satisfying the normalizer
condition. Let (w, V) be a A-pair for G with W*(w,V) = 1and let E € E*(w, V)
such that Ng(E) = Ng(E'). Let B be a normal metabelian subgroup of G and A
be a normal abelian subgroup of G contained in B such that B/A is elementary
abelian, Z(G) < Z(B) < Aand A < Ng(E). Put

N =Ng(E),R=NnNB,D=RNE, H=BN and Dg = Corey(D).
If N/E is (locally) cyclic, then the following hold.

(@) Cg/p,(R/Dp) = R/Dg. Hence Z(B/Dg) < N/Dg and so is (locally)
cyclic.

(b) If AD/D has finite exponent, then A = (a)(AND), (a) NZ(G) # 1,
(ayND = 1,]a] = exp(A),R = (b)D, (b) N D) = 1 and [b| < plal.
Furthermore [b| > |Z(G)| and if c(B) < p, then

U1(R/Dg) < Z(B/Dg) and <bDB> NZ(G)Dg/Dg # 1.

(c) Suppose R/Dy is infinite and B is nilpotent of class c. Then R/D is Cherni-
kov and R/Dp = (R/Dp)° x D/Dg, where (R/Dg)° is the infinite locally
cyclic subgroup of R/Dp and exp(D/Dg) is finite.

ProorF — Clearly B is not contained in N since B is not abelian, N/E is
abelian and Coreg(E) = 1 by the hypothesis. Thus Ng(N)\ N # (} by the
hypothesis.

(a) Since R <1 N it follows that D <t N. Also [N,R] < RNE = D since N/E
is (locally) cyclic by the hypothesis and this implies that R/D < Z(N/D).
Put H = H/Dg. Clearly Z(G) is finite by [4, Lemma 2.5]. Let z € Z(G)
with |z = p. Then 1 # z € R\ D since Coreg(E) = 1. Also R is abelian
since R < E and R’ < H. Next assume if possible that Cg(R) £ N. Then
there exists a t € C(R) \ N so that N* = N and [t,R] = 1 by the normalizer
condition. Then since t centralizes [t, N], which is contained in R, it follows
that

1=[", N =[t,N]P

and so [t, N] is a subgroup of order < p of R. Clearly then [t, NJE/E < (z)E/E
since RE/R is (locally) cyclic. This implies that [t,E] < (z)E and then t
normalizes (z)E. Then since t normalizes ((z)E)’ = E’ it follows that t € N by
the hypothesis, which is a contradiction. Therefore Cg(R) = R. In particular
then Z(B) < N and so Z(B) is (locally) cyclic by [4, Lemma 2.2].
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(b) Now suppose that exp(A/(A N D)) is finite. Also Z(G) is finite
and Z(G) < A. Clearly A £ E since Coreg(E) = 1. In particular Z(G) NE = 1.
Also AE/E is cyclic by [4, Lemma 2.2]. Let z € Z(G) with |z| = p. Then z
has finite height, say h in A, since (z) NE = 1 and exp(A/(A N D)) is finite.
Therefore there exists an a € A so that

a?" =z and A={a)x Aq

for a subgroup A; of A by [11, p.180, Lemma] or [13, 4.3.8]. Then also
(a) "D = 1since (z) NE =1. If [a| < exp(A), then

AT =(yleiy e A)

is a non-trivial normal subgroup of G with Z(G) "A* = 1. Then A* contains
a normal subgroup L # 1 of G so that w ¢ VL by [3, Lemma 3.5]. But
then L < Eq for an By € E*(w, V), which contradicts the hypothesis

W*(w,V) =1

(this also holds if (w,V) is a distinguished pair by [5, Lemma 2.1 (d)]).
Therefore |a| = exp(A) and then A = (a) x (AN D) since A/(AND) is
cyclic and (a) "D = 1. Also exp(B) < pexp(A). Hence R = (b)D fora b € R
since RE/E is cyclic and |b| <plal. Next we show that (b) "D =1. If [bD|=|aD|,
then we may let b = a. Then R = (a)D and (a) ND = 1. Thus sup-
pose that [bD| > |aD|. Then [bD| > |a| since |aD| = |a|, which implies
that [bD| = |b| since exp(B) < plal. Clearly then (b) "D =1.

Clearly |b| > |Z(G)| by [4, Corollary 2.6]. Assume that c¢(B) < p. Then for
every T € R and for every y € B it follows that

1=[FyP =[P,y

= p by [5, Lemma 2.6] and R is abelian, which means

(c) Suppose that R/D is infinite and B is nilpotent of class c. Then R/D is
infinite locally cyclic by the hypothesis and so

R/D < Z(B/D).

Letx € B and put L = (x)R. Here XP € R, which is abelian and the subnormal
index of X in B is < c. Therefore applying [2, Lemma 2.1] we get

|

R” < Cx(®).
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Now since x € B is arbitrary it follows that

__ec—1 _
RP < Z(B).

Furthermore

__c—1 |
by definition of Dg. Therefore RY s infinite locally cyclic since R/ RV
has finite exponent. It follows that

_nec—1 _c—1

Rp — (Rp )O

— — —_pc—1
is the unique divisible abelian subgroup of R. Now since N = (R” )°E, we

have

—nec—1 _c—1 |

R=R" )°RNE)=([R" )°D=(R" )°xD.
Also exp(D) < pc~'. O
Lemma 3.2 Let G be a perfect locally finite p-group satisfying the normalizer
condition, where p > 2. Suppose that the notations and the hypothesis are those

of Lemma 3.1 but here B is a normal nilpotent metabelian subgroup of G
with ¢(B) < p. Then the following hold.

(@) D#1.
(b) exp(D) =7p.
(c) U1(R) < Z(B).
(d) exp(B/Z(B)) < p2. In particular exp(B/A) = exp(A/Z(B)) =p.
Proor — Thus Dg = Corey (D) and H = H/Dg, where
D=RNE and R=BNN.

Also N/E is (locally) cyclic. By the hypothesis B £ N since B is metabelian.
If ¢(B) < p, then B is abelian by [5, Lemma 2.7] since p > 2, which is im-
possible since Cg(R) = R by Lemma 3.1 (a). Therefore ¢(B) = p. Further-

more exp([R,t]) < p by [5, Lemma 2.6].
(a) Assume if possible that D = 1. First suppose that R is infinite. Then

R=R

by Lemma 3.1 (c). Also R® < Z(B) since B is nilpotent, which is impossible
since Cg(R) < Rand B £ R. Therefore D # 1 in this case. Next suppose
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that R is finite. Then
R=(b) and exp(B/(b))=

Let [b| = p™. Then n > 1 by Lemma 3.1 (b). Since B/Cg(b) is cyclic
by [8, Lemma 5.4.1 (iii)] and since Cg(b) = (b), it follows that [B/(b)| < p.
This gives

P _yn—1

B, (&) < (" )

by [8, Corollary 5 4.2 (ii)]. But also b¥ < Z(B) by Lemma 3.1 (b) and hence
it follows that B’ = = [B, (b)] < Z(B), which is impossible since c(B) =p > 2.
Therefore the assumption is false and so D # 1.

(b) Let d € D and t € B. Put

— 7{.‘)7]

y=dd ...d

Then § € C5(t). Also it is easy o see that

since ¢ = p. Therefore a’ e Cg(t). Since t is any element of B it follows
that d” € Z(B) and then d¥ =1 by definition of Dg. Therefore exp(D) = p.

(c) If exp(A/(AND)) is finite, then Uy

(R) < Z(B) by Lemma 3.1 (b). So
suppose that A/(A N D) is infinite. Then R = R°

x D. Hence

-0

0:(R)=RY = (R°)P x D" =R° < Z(B).

(d) Since exp(B/R) = p and U7 (R) < Z(B) by (c), it follows that

U,(B) =GP :g € B) < Z(B)

Put K = U, (B). Then K <t G. Now since U, (B) = K, it follows that [K, B]
But since Dg < E and Coreg(E) = 1, this gives [K,B] =1 and so K <
Clearly then

< Dg.
Z

(B).

exp(B/Z(B)) < p2.
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Moreover as A¥ < Z(B by (c), it follows that [AP,B] =1 and so AP < Z(B).

Thus exp(B/A) = exp(A/Z(B)) =p since c(B) =p > 2. a0

Remark In Lemma 3.1 we let H = BN and consider H = H/Dg,
where D = Corey (D). In [5, Lemma 2.5] we let T = (t)R, H = TN and
consider H = H/D¢, where t € B\ N, Nt = N and D¢ = Corey (D). In the
remaining part of this work both lemmas are used but no confusion arises.
Note that Dg < Dy.

Lemma 3.3 Let G be a perfect locally finite p-group, where p > 2. Let the
notations and the hgpothesis be those of [5, Lemma 2.5]. Let ¢(B) < p and

let T € B\ N with N' =N and put T = ()R. Then (R)' ND # 1.

ProoF — If ¢(T) < p, then T is abelian by [5, Lemma 2.7] since R < Z(N)
which is impossible since
C+(R) =R

by [5, Lemma 2.5 (a)]. Therefore c(T) = p. Since T = [R, 1] is elementary
abelian by [5, Lemma 2.6], T is contained in Q1 (R). Also

Q1(R) = (z7,D)
by [5, Lemma 2.5 (a)], where

1#2z1 € 01(Z(G)),

since exp(D/Dg) = p by Lemma 3.2 (b) and Dy > Dg. In addition z7 € T
since Z(T) is cyclic. So if T ND = 1, then T < (z7) since z7 € T but
then ¢(T) = 2 which is impossible since ¢(T) = p > 2. Therefore TnD #£1.0

Lemma 3.4 Let G be a perfect locally finite 3-group. Let the notations and the
hypothesis be those of [5, Lemma 2.5]. Let c(B) = 3 and let t € B\ N with

N =N and put T = (OR. Then G, (T) is (locally) cyclic.

Proor — By the hypothesis B is a normal nilpotent metabelian subgroup of
class 3 of G and has a characteristic abelian subgroup A with exp(B/A) = 3.
Then U7(T) < A < R. Assume that U7(T) is not (locally) cyclic. Now it
follows from by [5, Lemma 2.5] that

R=()xDorR=R°xD (1)
according to whether R is finite or infinite, where R” is infinite locally cyclic
and contained in Z(B) and exp(D) = 3 by Lemma 3.2 (b) since D¢ > Dg.
Also z € U (T) since Z(B) is (locally) cyclic, where 1 # z € Q1(Z(G)). There-
fore there exists a B o

14de6,(T)ND
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since U1(T) is not (locally) cyclic by the assumption and Q;(R) = (z,D).
Also [d,T] # 1 by definition of D;. We have exp(T) = 3 by [5, Lemma 2.6].
Hence exp(y3(T)) = 3 and, since Z(T) is (locally) cyclic by [5, Lemma 2.5], it
follows that y3(T) = (). Thus ¢(T/(z)) = 2. This implies that d(z) = §>(z)
foray € T and hence

d=17s (2)

forans € (z) since d € U (T). Here if § € R, then §> € Z(T) by Lemma 3.2 (c),
which is impossible since d ¢ Z(T). Therefore y € T\ N. Thus §y = 97 for
an f € D and i,j > 1 by (1), where (f) "D = 1. Since ¢(T/(z)) =2

yP = (1)’ =T 3)

for a © € (z) since R is abelian. Clearly (3) implies that [§3,7] = 1 but
since [d,t] # 1, this is impossible by (2). Therefore U1(T)ND = 1 and
since R/D is (locally) cyclic, U7 (T) must be (locally) cyclic, which completes
the proof. O

ProoF oF THEOREM 1.1 — Let G be a Fitting p-group satisfying the normal-
izer condition and p # 2. Suppose that in each homomorphic image H of G
every A-pair (wy, Vi) has a maximal element satisfying the («x)-property
and in addition if p = 3 and W(wy, Vi) = 1, then the converse of (b) is sat-
isfied. This means that every normal nilpotent metabelian 3-subgroup By
of H with exp(B/Z(B)) < 9 and of class 3 satisfies the following: if X is
any subgroup of By with Z(B) < X and exp(B/X) is elementary abelian,
then X is powerful. Obviously then B and every homomorphic image of B is
powerful. Assume that G is perfect. First we show the following. G has a ho-
momorphic image H with the following property. H has a A-pair (wyy, Vi)
satisfying (+x) and the condition W*(wy, Vi) = 1 such that every normal
nilpotent subgroup of H which is abelian- by-elementary abelian is abelian.
Assume that there exists no such H. For each homomorphic image X of G
satisfying the above properties let n(X) be the minimum of the classes
of all the normal nilpotent abelian-by-elementary abelian subgroups of X
which are not abelian. Among all the homomorphic images X of G having
a A-pair (wx, Vx), satisfying (*x) and the condition W*(wx, Vx) = 1 there is
a homomorphic image H such that n(H) < n(X) for all such X. Without loss
of generality we may suppose that H = G. Thus G has a A-pair (w, V) such
that (xx) and the condition W*(w, V) = 1 are satisfied. Also n(G) is minimal
in the above sense and n(G) > 1 by the assumption. Let B be a normal
nilpotent abelian-by-elementary abelian subgroup of G so that ¢(B) =n(G).
Let A be the largest normal abelian subgroup of G contained in B such that
exp(B/A) = p and B’ < A. By the hypothesis there exists an E € E*(w, V) sat-
isfying (#x). Put N = Ng(E). Then N/E is (locally) cyclic by [4, Lemma 2.2]
since p # 2. Also A < N by [5, Lemma 2.4]. Furthermore B £ N as
in [5, Lemma 2.7] since B is not abelian. Let R = BNN, D = RNE as in
Lemma 3.1.

If ¢c(B) < 3, then B is abelian by [5, Lemma 2.7] since p # 2. There-
fore c(B) > 3.
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Assume first if possible that [B/, G] < y.(B). Then
[B,B,B,B] =1

and so ¢ < 3. Then ¢ = 3 since ¢ > 3 and now a second application of [5, Lem-
ma 2.7] shows thatif p > 3, then B is abelian and so we get a contradiction.
Therefore we may suppose that p = 3.

By the hypothesis G satisfies the normalizer condition. By the assump-
tion G has a A-pair (w, V) such that

W*(w, V) =1

and there exists an E € E*(w, V) such that Ng(E) = Ng(E’). Furthermore
exp(B/Z(B)) < 9 by Lemma 3.2 (d) and B is powerful by the assumption.

Next there exists a t € B\ N with N* = N. Put T = (t)R, H = TN,
D¢ = Corey (D) and H = H/D¢. Then C5(R) =R, R < Z(N), Z(T) is (locally)
cyclic and

R=()xDorR=R°xD
according as R/D is finite or infinite by [5, Lemma 2.5]. Also D is elementary
abelian by Lemma 3.2 (b).

Since B < A <R, Z(B) < A by [5, Lemma 2.4] and R < T, it follows that T
is powerful by the assumption. Then also T is powerful andso T < Uy(T).
Thus T is cyclic by Lemma 3.4. Furthermore z € T' since Z(T) is (locally)
cyclic. But since

TND#1
by Lemma 3.3 and DNZ(T) =1, this gives a contradiction. Therefore the
assumption is false and so [B’, G] £ v3(B). Therefore there exists an s € B’
with sy3(B) ¢ Z(G/y3(B)).

Now let G = G/y3(B). Then c(B) < c. Let F be a finite subgroup of G
so that s ¢ F (for example F = 1). Then (5, F) is a A-pair for G. Let M be a
maximal element of W*(5,F). If M = 1, then B is abelian by the induction
hypothesis since ¢(B) < c. But then ¢(B) = 2, which is impossible. There-
fore M # 1. Now consider G/M. By [5, Lemma 2.1 (c)] there exists a finite
subgroup U of G so thats ¢ U, F < U £ M and there exists a u € U\ M so
that (suM, UM/M) is a A-pair for G/M. Also (suM,UM/M) satisfies the
hypothesis and

W*(suM, UM/M) = 1
But in this case BM/M is abelian by the induction hypothesis since ¢(B) < ¢
and this implies that B' < M. However since s € B’ but s ¢ M this gives

another contradiction. Therefore the assumption is false and so it follows

that B is abelian.
Thus we have shown that every normal nilpotent abelian-by-elementary

abelian subgroup of G is in fact abelian. Now let A be a maximal normal
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abelian subgroup of G. Let g € G\ A and put H = (g¢)A. Then H is
nilpotent since G is a Fitting group. Put B/A = Q;(Z(H/A)). Then B/A is
elementary abelian and B # A since H is nilpotent. But since B must be
abelian by the first part of the proof this contradicts the maximality of A.
Therefore the assumption is false and so G is not perfect. This completes the
proof of the theorem. O

Proor oF COROLLARY 1.2 — Let G be a Fitting p-group satisfying the nor-
malizer condition whose proper subgroups are solvable, where p # 2. As-
sume that G is perfect. By [3, Theorem 1.4 (b)] we may suppose that G has
no homomorphic images having (x)-triples for non-central elements. Then
in every homomorphic image of G there exist distinguished pairs and dom-
inant pairs by [3, Lemmas 3.1 and Lemma 4.1 (b)]. Assume that in every
homomorphic image H of G every dominant pair (wy, Vi4) has a maximal
element satisfying (+x) and in addition if p = 3 and W(wy, Vi4) = 1, then
the converse of (b) is satisfied. This means that every normal nilpotent
metabelian 3-subgroup By of H with exp(B/Z(B)) < ¢ and of class 3 satis-
fies the following: if X is any subgroup of By with Z(B) < X and exp(B/X)
is elementary abelian, then X is powerful. Thus every homomorphic image
of By is powerful.

First we show that in every proper homomorphic of G every A-pair has a
maximal element satisfying (+x). Thus let H # 1 be a homomorphic image
of G and let (Wy, Vi) be a A-pair for H. Clearly without loss of generality
we may let H = G and let (w, V) be a A-pair for G. We must show that there

exists an
EcE*(w,V)

satisfying (**). Since w ¢ V, applying [3, Lemma 3.1] to (w, V) we obtain
a finite subgroup T of G containing V and excluding w so that (w,T) is a
distinguished pair for G. Next applying [3, Lemma 4.1 (a)] to (w,T) we
obtain a finite subgroup U of G containing T and excluding w so that (w, U)
is a dominant pair for G. Also

E*(w, U) C E*(w, V)
since V < U by [3, Lemma 3.2]. Now by the hypothesis there exists an
EeE(w,U)

satisfying (+x). Since E € E*(w, V), the assertion is verified. Thus we have
shown that in every homomorphic image of G every A-pair has a maximal
element satisfying («*). But then G cannot be perfect if p > 3 by Theo-
rem 1.1 (a), which is impossible since G is perfect by the assumption. There-
fore p = 3 since p # 2.

In this case Theorem 1.1 (b) can be applied. This gives a homomorphic
image H of G having a A-pair (wy, Viy) with W*(wy, Vi) = 1 such that
the following holds. H contains a normal nilpotent and metabelian sub-
group By with such that exp(B/Z(B) < 9, ¢(B) = 3 and there exists a normal
subgroup K of B with the property that Z(B) < K and B/K is elementary
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abelian such that K is not powerful. But this is also impossible since K must
be powerful by the assumption. Therefore G cannot be perfect and so it
must be solvable. O
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