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Abstract
We consider some natural relationships between the factors of the central series in
groups. It was proved that if G is a locally generalized radical group and G/ζk(G)
has finite section p-rank r (for some positive integer k), then G includes a normal
subgroup L such that G/L is nilpotent. Moreover, there exists a function g such
that srp(L) 6 g(r).
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1 Introduction

Let W be a set of words and let G be a group. As usual, denote
by W(G) the verbal subgroup of G determined by W, and denote
by W∗(G) the marginal subgroup of G determined by W. Recall that
a group G belongs to the variety V(W), defined by W, if and only
if W(G) = 〈1〉 (respectively G =W∗(G)). Thus the “size” of W(G)
(respectively G/W∗(G)) shows how far or how near is a group G
from the variety V(W). The problem about the relationships between
the subgroup W(G) and the factor-group G/W∗(G) naturally rose
here. The first step here is the case when W(G) is finite (respec-
tively G/W∗(G) is finite). We note at once that the finiteness of W(G)
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does not imply that G/W∗(G) is finite even for the case whenW = {θ}.
Indeed, for example, if θ = x−11 x−12 x1x2, then

W(G) = [G,G] and W∗(G) = ζ(G).

However, there are many examples of groups, having finite derived
subgroup, whose factor-group by the center is infinite. We have a
better situation when the factor-group G/W∗(G) is finite, in partic-
ular, if G/θ∗(G) is finite. In the papers [11] and [12] P. Hall found
some types of words θ such that the finiteness of G/θ∗(G) always im-
plies that θ(G) is finite. Also P. Hall proved that if G is polycyclic-by-
finite and G/θ∗(G) is finite, then θ(G) is finite for arbitrary word θ.
In particular, the word [. . . [[x1, x2], . . . , xn], xn+1] satisfies the con-
ditions of Hall’s theorem, so we obtain that if G/ζn(G) is finite,
then γn+1(G) is also finite. This last result is derived from the ba-
sic results of the paper [1]. The following natural problem rose in
this connection:

Suppose that G/θ∗(G) and θ(G) are finite. Is there a function f such
that |θ(G)| 6 f(|G/θ∗(G)|)?

For the word θ = x−11 x−12 x1x2 the best function has been obtained
by J. Wiegold [22]. For the word θ = [. . . [[x1, x2], . . . , xn], xn+1] such
function also exists, it has been obtained in the paper [17]. Of course,
this function depends not only of |G/ζn(G)|, it depends also of n. In
addition, the paper [17] contains the following result:

If G/ζn(G) is finite and has order t, then G includes a finite normal
subgroup L such that G/L is nilpotent and |L| 6 k(t) where k depends

only of t.

There are many natural extensions of the class of finite groups. Re-
call that a group G has finite special rank r if every finitely gener-
ated subgroup of G has at most r generators (A.I. Maltsev, [18]). Re-
call also that a group G is called generalized radical if it has an as-
cending series, whose factors are either locally nilpotent or locally
finite. Recently, in the paper [14] it was proved that if G is a lo-
cally generalized radical group such that G/ζn(G) has finite special
rank, then γn+1(G) has finite special rank. Moreover, there exists a
function k1 such that r(γn+1(G)) 6 k1(r(G/ζn(G),n). For the case
when G/ζn(G) is a locally finite group having finite special rank,
it was proved that G includes a normal locally finite subgroup L
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such that G/L is hypercentral and there exists a function k2 such
that r(L) 6 k2(r(G/ζn(G)). We emphasize that the function k2 de-
pends only of r(G/ζn(G)). We can see that in this case a locally nilpo-
tent residual GLN of G is locally finite, has finite special rank, and
the factor-group G/GLN is hypercentral. Note also that a restriction
on G is essential, since, in general, this result is not true (see, for
example, the survey [5]).

Let p be a prime. We say that a group G has finite section p-rank
srp(G) = r if every elementary abelian p-section of G is finite of order
at most pr and there is an elementary abelian p-sectionA/B of G such
that |A/B| = pr (see [8]). Obviously, the concept of section p-rank
generalizes the concept of special rank. Actually, if a group G has
finite special rank r, then G has finite section p-rank srp(G) for every
prime p and srp(G) 6 r.

We say that a group G has a finite section rank if srp(G) is finite
for each prime number p. We can make this definition more con-
cretely. Let σ be a function from the set P of all primes into N0. We
say that a group G has a finite section rank σ if srp(G) = σ(p) for every
prime p.

In the paper [4] it has been obtained a generalization of a result of
the paper [14]. It was proved that if G is a locally generalized radical
group such that G/ζn(G) has finite section p-rank for some prime p,
then γn+1(G) has finite section p-rank. Moreover, there exists a func-
tion k3 such that srp(γn+1(G)) 6 k3(srp(G/ζn(G),n). Here the func-
tion k3 depends also of n. In this connection the following problem
appears:

Does the group G contain a normal subgroup L such that G/L is nilpotent
and the section p-rank of L is bounded by a function depending only

of srp(G/ζn(G))?

In the present paper we obtain a positive answer on this ques-
tion. More concretely, we proved the following theorem.

Theorem Let G be a locally generalized radical group and p be a prime.
Suppose that there is a positive integer k such that G/ζk(G) has finite
section p-rank r. Then G includes a normal subgroup L such that G/L is
nilpotent and srp(L) 6 g(r) for some function g depending only of r.

We remark that srp(L) 6 f2(r) + 5r = g(r) where f2(r) is a function
from Theorem A of the paper [2]. Note that in this case we can not
say that L coincides with the locally nilpotent residual. Moreover, the
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locally nilpotent residual can be trivial, as the example of an infinite
dihedral group shows.

2 Preliminary results

Lemma 2.1 Let G be a group such that G/ζk(G) is locally finite.
Then γk+1(G) is locally finite.

Proof — Let F be an arbitrary finitely generated subgroup
of γk+1(G). Then we can choose a finitely generated subgroup K
such that F 6 γk+1(K). Put Z = ζk(G) and L/Z = KZ/Z. Since G/Z is
locally finite, L/Z is finite. Clearly ζk(G) 6 ζk(L), so that L/ζk(L) is
finite. It follows that γk+1(L) is finite (see, for example, [19], 14.5.1).
The inclusion K 6 L implies that γk+1(K) 6 γk+1(L), so that γk+1(K)
is finite. Then F is finite, which implies that γk+1(G) is locally fi-
nite. ut

Corollary 2.2 Let G be a group such that G/ζk(G) is locally finite.
If Tor(G) = 〈1〉, then G is nilpotent and torsion-free.

We can obtain the following more exact result.

Lemma 2.3 Let G be a group, Z = ζk(G) and T/Z = Tor(G/Z). If T/Z is
locally finite, then T/Tor(T) is torsion-free and T/Tor(T) 6 ζk(G/Tor(T)).

Proof — Let T1 = Tor(T). By Lemma 2.1 γk+1(T) is locally finite.
Since T/γk+1(T) is nilpotent,

(T/γk+1(T))/Tor(T/γk+1(T)) = (T/γk+1(T))/(T1/γk+1(T)) ' T/T1

is torsion-free. Let

〈1〉 = Z0 6 Z1 6 . . . 6 Zk−1 6 Zk = Z

be a segment of the upper central series of G. Let t be a positive
integer such that Zt 6 T1, but T1 does not include Zt+1. Put

D1/T1 = Zt+1T1/T1 and C1/D1 = Tor(T/D1).

The choice of Zt+1 yields that

D1/T1 6 ζ1(G/T1).
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If x ∈ C1, then xm ∈ D1 for some positive integer m. Let g be an
arbitrary element of G. Then

((gT1)
−1(xT1)(gT1))

m = (gT1)
−1(xT1)

m(gT1) = (xT1)
m.

Since T/T1 is torsion-free and nilpotent, last equality implies that

(gT1)
−1(xT1)(gT1) = xT1.

This means that C1/T1 6 ζ1(G/T1). Using the similar arguments and
ordinary induction, we obtain that T/T1 6 ζn(G/T1) where n 6 k. ut

If α is a real number, then by i(α) we denote the smallest integer
not less than α.

Lemma 2.4 Let G be a finitely generated group such that G/ζk(G) is
finite. Let p be a prime and suppose that srp(G/ζk(G)) = r. Then thenilpo-
tent residual L of G is finite and

srp(L) 6 r+
1

2
r(3r+ 1) + r2i(log2r) = f1(r).

Proof — Let Z=ζk(G) and T=Tor(G). As we noted above γk+1(G)
is finite, so that γk+1(G) 6 T . It follows that G/T is a nilpotent group
of nilpotency class at most k. The finiteness of G/Z implies that Z is
finitely generated (see, for example, [10], Corollary 7.2.1). Then T ∩Z
is finite. It follows that there exists a normal subgroup H of Z of fi-
nite index such that 〈1〉 = (T ∩Z)∩H (see, for example, [20], 1C, The-
orem 1). Let t = |Z : H|, then K = Gt 6 H, so that (T ∩Z)∩K = 〈1〉
and K normal in G. Being bounded, finitely generated and nilpo-
tent, Z/K is finite, so that G/K is finite. We have

T ∩K = T ∩ (K∩Z) = (T ∩Z)∩K = 〈1〉.

By Remak’s theorem we obtain the embedding

G ↪→ L = G/T ×G/K.

The factor-group (G/K)/ζk(G/K) is an epimorphic image of G/ζk(G),
thus it has section p-rank at most r. Using Theorem B of paper [16]
we obtain that

srp(γk+1(G/K)) 6 f1(r).
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Since G/T is a nilpotent group of nilpotency class at most k, it follows
that γk+1(L) = γk+1(G/K) and hence that

srp(γk+1(G)) 6 srp(γk+1(L)) 6 f1(r).

The result is proved. ut

Lemma 2.5 Let G be a locally finite group and p be a prime. Suppose
that G has a local family L of finite subgroups such that srp(H) 6 r for
every subgroup H ∈ L. Then the section p-rank of G is finite. Moreover,
srp(G) 6 r.

Proof — Let U, V be the subgroups of G such that U is normal
in V and V/U is a finite elementary abelian p-group. Then there is
a finitely generated (and hence finite) subgroup F such that V = FU.
Choose in L a finite subgroup K such that F 6 K. Since srp(K) 6 r,
|F/(F∩U)| 6 pr. Hence |V/U| = |FU/U| 6 pr. It follows that every ele-
mentary abelian section of G is finite and has order at most pr. This
means that srp(G) 6 r. ut

Proposition 2.6 Let G be a group such that G/ζk(G) is locally finite.
Let p be a prime and suppose that srp(G/ζk(G)) = r. Then locally nilpo-
tent residual L of G is locally finite, srp(L) 6 f1(r) and G/L is locally
nilpotent.

Proof — Let Z = ζk(G). Denote by L a family of all finitely gener-
ated subgroups of G. If H is a finitely generated subgroup of G, then
clearly H/(H∩Z) ' HZ/Z is finite. Using Lemma 2.4 we obtain that
the nilpotent residual HN of H is finite and srp(HN) 6 f1(r). If K is a
finitely generated subgroup of G such that H 6 K, then

H/(H∩KN) ' HKN/KN

is nilpotent. It follows that HN 6 H∩KN 6 KN. This shows that the
family {HN|H ∈ L} is local, so that R =

⋃
H∈LH

N is a subgroup. More-
over, R is locally finite, because every subgroup HN is finite. Lem-
ma 2.4 shows that R has finite section p-rank, moreover, srp(R)6f1(r).

Let F/R be a finitely generated subgroup of G/R. Then F = SR/R for
some finitely generated subgroup S. From the construction of R we
obtain that SN 6 R, so that SN 6 R∩ S and F/R = SR/R ' S/(S∩ R)
is nilpotent. It follows that G/R is locally nilpotent, so that L 6 R.
On the other hand, for each finitely generated subgroup H a sec-
tion H/(H∩ L) ' HL/L is nilpotent, which implies that HN 6 H∩ L.
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Since it is true for every finitely generated subgroup H,

R =
⋃
H∈L

HN 6 L,

so that R = L. In particular, L is locally finite, G/L is locally nilpotent
and srp(L) 6 f1(r). ut

Let H and K be normal subgroups of G such that H 6 K. Then the
factor K/H is called G-central if CG(K/H) = G. If CG(K/H) 6= G, then
we say that the factor K/H is G-eccentric.

Lemma 2.7 LetG be a group andA be a normal periodic abelian subgroup
of G. Suppose also that A is divisible. If A includes a bounded G-invariant
subgroup B such that A/B is G-central, then G = CG(A).

Proof — Suppose the contrary, let CG(A) 6= G. Choose an element
g 6∈ CG(A). Then CA(g) 6= A. Consider now the mapping ξg : A→ A
defined by the rule ξg(a) = [a, g]. Clearly this mapping is an endo-
morphism of A. By the choice of g we have Ker(ξg) = CA(g) 6= A.
Since the factor A/B is G-central, we have Im(ξg) = [A, g] 6 B, in
particular a subgroup Im(ξg) is bounded. Then the isomorphism

Im(ξg) ' A/Ker(ξg)

implies that the factor-group A/Ker(ξg) must be bounded. On the
other hand, being divisible, A has no non-trivial bounded factor-
groups. This contradiction proves the result. ut

Let G be a group and A be a normal abelian subgroup of G. A sub-
group A is called G-quasifinite if every proper G-invariant subgroup
of A is finite.

Lemma 2.8 Let G be a group and A be a normal periodic subgroup of G.
Suppose that G/CG(A) is hypercentral and A satisfies the following condi-
tions:

(i) A/(A∩ ζ(G)) is an abelian Chernikov group;

(ii) A/(A∩ ζ(G)) is G-quasifinite;

(iii) CG(A/(A∩ ζ(G)) 6= G.

Then A includes a G-invariant abelian subgroup D which is Chernikov
and G-quasifinite, A=(A∩ ζ(G))D and the intersection (A∩ ζ(G))∩D
is finite.
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Proof — Put C=A∩ ζ(G). Being Chernikov and G-quasifinite, A/C
is divisible. Suppose that A is non-abelian. Then Z = ζ(A) 6= A. Sin-
ce C 6 Z, A/Z is divisible. Then A/Z includes a Prüfer p-subgroup
P/Z. Since P/Z is locally cyclic, P is abelian. It follows that P 6 CA(P),
so that A/CA(P) is divisible. It follows that P 6 ζ(A) (see [15], Lem-
ma 3.10). But it contradicts the choice of P. This contradiction proves
that A is abelian. Let

CG(A) 6= gCG(A) ∈ ζ(G/CG(A)).

Then the mapping ξg : A→ A, defined by the rule ξg(a) = [a, g], is
an endomorphism of A. Since g 6∈ CG(A),

Ker(ξg) = CA(g) 6= A.

The following obvious inclusion C 6 CA(g) implies that

[A, g] = Im(ξg) ' A/Ker(ξg).

The fact that gCG(A) ∈ ζ(G/CG(A)) implies that CA(g) and [A, g]
are G-invariant subgroups. If Ker(ξg) 6= C, then Ker(ξg)/C is a G-in-
variant subgroup ofA/C. Since Ker(ξg) 6=A, we obtain that Ker(ξg)/C
is finite. It follows that A/Ker(ξg) ' A/C, so that

D = [A, g] ' A/C.

Suppose that g ∈ CG(A/C), then [A, g] 6 C. Let x be an arbitrary
element of G. The choice of g implies that gx = gz for some ele-
ment z ∈ CG(A). If a ∈ A, then

ξg(a) = [a, g] = [a, g]x = [ax, gx] = [ax, gz] = [ax, g] = ξg(ax).

It follows that axa−1 ∈ Ker(ξg). This shows that the factorA/Ker(ξg)
isG-central. As we noted above, Ker(ξg)/C is finite. Using Lemma 2.7
we obtain that factor A/C is G-central. However, it contradicts con-
dition (iii). This contradiction shows that g 6∈ CG(A/C). Let B be a
proper G-invariant subgroup of D and let V be a preimage of B.
Let x ∈ G, v ∈ V , then

ξg(v
x) = [vx, g] = [vx, gz] = [vx, gx] = [v, g]x ∈ Bx = B.

It follows that vx ∈ V , so that V is G-invariant. Since B 6= Im(ξg),
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V/Ker(ξg) is a proper G-invariant subgroup of A/Ker(ξg). The fact
that A/Ker(ξg) is G-quasifinite implies that V/Ker(ξg) is finite. Then
B ' V/Ker(ξg) is finite. It follows that D is G-quasifinite. Since the
intersection D∩C is a G-invariant subgroup of G, then we have
two possibility: either D∩C = D or D∩C is finite. If we suppose
that D∩C = D, then

D = [A, g] 6 C.

But in this case g ∈ CG(A/C), what is impossible. Hence D∩C is fi-
nite. In this caseD/(D∩C) is infinite. In other words,DC/C is an infi-
nite G-invariant subgroup of A/C. The fact that A/C is G-quasifinite
implies that A/C = DC/C and A = DC. ut

Corollary 2.9 Let G be a group and A be a normal periodic subgroup
of G. Suppose that G/CG(A) is hypercentral and A satisfies the following
conditions:

(i) A/(A∩ ζk(G)) is an abelian Chernikov group for some positive inte-
ger k;

(ii) A/(A∩ ζk(G)) is G-quasifinite;

(iii) CG(A/(A∩ ζk(G)) 6= G.

Then A includes a G-invariant abelian subgroup D such that D is Cherni-
kov and G-quasifinite, A=(A∩ ζk(G))D and the intersection

(A∩ ζk(G))∩D

is finite.

Corollary 2.10 Let G be a group and A be a normal periodic subgroup
of G. Suppose that G/CG(A) is hypercentral and A satisfies the following
conditions:

(i) A/(A∩ ζk(G)) is an abelian Chernikov group for some positive inte-
ger k;

(ii) A has a series of G-invariant subgroups

A∩ ζk(G) = A0 6 A1 6 . . . 6 Am = A

in which the factors Aj/Aj−1 are G-quasifinite, 1 6 j 6 m;

(iii) CG(Aj/Aj−1) 6= G.
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Then A includes a G-invariant abelian subgroup D such that D is Cherni-
kov, A = (A∩ ζk(G))D and the intersection (A∩ ζk(G))∩D is finite.

Corollary 2.11 Let G be a group and A be a normal divisible Chernikov
subgroup of G. Suppose that G/CG(A) is hypercentral. Then A = C×D
where C 6 ζk(G) for some positive integer k and D has a series of G-in-
variant subgroups

〈1〉 = D0 6 D1 6 . . . 6 Dm = D

in which the factors Dj/Dj−1 are G-quasifinite and CG(Dj/Dj−1) 6= G,
for 1 6 j 6 m.

Let G be a group and A be a normal abelian torsion-free subgroup
of G. A subgroup A is called G-rationally irreducible if for every non-
trivial G-invariant subgroup B of A the factor A/B is periodic. A
group G is said to have finite 0-rank r0(G) = r if G has an ascending
series whose factors are either infinite cyclic or periodic and if the
number of infinite cyclic factors is exactly r.

Lemma 2.12 Let G be a group and A be a normal abelian subgroup of G.
Suppose that G/CG(A) is a finite nilpotent group and A satisfies the fol-
lowing conditions:

(i) A∩ ζ(G) is a p-subgroup for some prime p;

(ii) A/(A∩ ζ(G)) is torsion-free of finite 0-rank;

(iii) A/(A∩ ζ(G)) is G-rationally irreducible;

(iv) CG(A/(A∩ ζ(G)) 6= G.

Then A includes a G-invariant abelian torsion-free subgroup D such that D
is G-rationally irreducible, G 6= CG(D) and A/(A∩ ζ(G))D is a Cherni-
kov p-subgroup.

Proof — Put C = A∩ ζ(G). Choose in A/C a finitely generated sub-
group B/C such that (A/C)/(B/C) is periodic. Let X be a finitely gen-
erated subgroup of B such that B = XC. Put Y = 〈X〉G. SinceG/CG(A)
is finite, a subgroup Y is finitely generated. Then Y = (Y ∩C)×W
for some torsion-free subgroup W. Let m = |Y ∩C|, then Ym =Wm.
The subgroup Z = Ym is G-invariant. The inclusion Z 6W shows
that Z is torsion-free. By the choice of Z we have r0(Z) = r0(A/C).
It follows that A/Z is periodic. Let D/Z be a Sylow p ′-subgroup
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of A/Z. Then D is G-invariant and D∩C = 〈1〉. It follows that D is
torsion-free. By this choice (A/C)/(D/C) is a p-group. Since A/C is
a torsion-free group of finite 0-rank, its p-images are Chernikov. Fi-
nally, if we suppose that CG(D) = D, then DC/C 6 CA/C(G). It fol-
lows that CA/C(G) is a non-trivial G-invariant subgroup of A/C. The
fact that A/C is G-rationally irreducible implies that (A/C)/CA/C(G)
is periodic. Since A/C is torsion-free, A/C = CA/C(G), and we obtain
a contradiction. This contradiction proves that CG(D) 6= D. It is not
hard to prove that D is G-rationally irreducible. ut

Lemma 2.13 Let G be a group and A be a normal abelian torsion-free
subgroup of G such that G/CG(A) is hypercentral. Suppose that A has a
series of G-invariant pure subgroups

〈1〉 = A0 6 A1 6 . . . 6 An = A

whose factors Aj/Aj−1 are G-rationally irreducible. If

G = CG(Am/Am−1)

for some positive integer m, then CA(G) 6= 〈1〉.

Proof — PutH=G/CG(A). We can considerA as a ZH-module. Put

B = A⊗Z Q, Bj = Aj ⊗Z Q,

for 1 6 j 6 m. Then B naturally is an QH-module and every fac-
tor Bj/Bj−1 is a simple QH-module, 1 6 j 6 m. The equality

H = CH(Am/Am−1)

implies that H = CH(Bm/Bm−1). Using Corollary 2.4 of paper [14]
we obtain that CB(H) is non-trivial. It implies that CA(G) is also non-
trivial. ut

Lemma 2.14 Let G be a group and A be a normal abelian subgroup of G.
Suppose that G/CG(A) is abelian and A satisfies the following conditions:

(i) A∩ ζ(G) is periodic and A/(A∩ ζ(G)) is torsion-free of finite 0-rank;

(ii) A/(A∩ ζ(G)) is G-rationally irreducible;

(iii) CG(A/(A∩ ζ(G)) 6= G.



76 Aleksandr A. Pypka

Then A includes a G-invariant abelian torsion-free subgroup D such that D
is G-rationally irreducible and (A∩ ζ(G)D has finite index in A.

Proof — Put C = A∩ ζ(G). Since the factor A/C is G-eccentric,
there exists an element g 6∈ CG(A/C). The mapping

ξg : A→ A,

defined by the rule ξg(a) = [a, g], is an endomorphism of A. Sin-
ce g 6∈ CG(A),

Ker(ξg) = CA(g) 6= A.

The fact that G/CG(A) is abelian implies that CA(g) and [A, g]
are G-invariant subgroups. By our conditions we have the inclusion
C 6 Ker(ξg). If we suppose that Ker(ξg) 6= C, then Ker(ξg)/C is a
non-trivial G-invariant subgroup of A/C. Since A/C is G-rationally
irreducible, (A/C)/(Ker(ξg)/C) is periodic. Then the fact that A/C
is torsion-free implies that g ∈ CG(A/C), and we obtain a contradic-
tion. This contradiction shows that Ker(ξg) = C. The isomorphism

[A, g] = Im(ξg) ' A/Ker(ξg)

shows that D = [A, g] is a torsion-free abelian subgroup of A. Let B
be a non-trivial G-invariant subgroup of D and let V be a preimage
of B. Let x ∈ G, v ∈ V . Then

ξg(v
x) = [vx, g] = [vx, gz] = [vx, gx] = [v, g]x ∈ Bx = B.

It follows that vx ∈ V , so that V is G-invariant. Since B is non-trivial,
V/Ker(ξg) is a non-trivial G-invariant subgroup of A/Ker(ξg). The
fact that A/Ker(ξg) is G-rationally irreducible implies that A/V is pe-
riodic. Then for every element a ∈ A there is a positive integer t such
that at ∈ V . We have now [a, g]t = [at, g] ∈ B. It follows that D/B is
periodic. In other words, D is G-rationally irreducible. The isomor-
phism D ' A/C and equality D∩C = 〈1〉 imply that

DC/C ' A/C.

It follows that DC/C has finite index in A/C (see [3], Theorem 2).
Thus the index |A : DC| is finite. ut

Corollary 2.15 Let G be a group and A be a normal abelian subgroup
of G. Suppose that G/CG(A) is abelian-by-finite and A satisfies the follow-
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ing conditions:

(i) A∩ ζ(G) is periodic and A/(A∩ ζ(G)) is torsion-free of finite 0-rank;

(ii) A/(A∩ ζ(G)) is G-rationally irreducible;

(iii) G/CG(A/(A∩ ζ(G)) is infinite.

Then A includes a G-invariant abelian torsion-free subgroup D such that D
is G-rationally irreducible and (A∩ ζ(G))D has finite index in A.

Proof — Let H/CG(A) be a normal abelian subgroup of G/CG(A),
having finite index. Put C = A∩ ζ(G). Let

S = {X | C 6 X 6 A, X/C is a pure H-invariant subgroup of A/C}.

Since r0(A) is finite, we can choose in S a subgroup B1 such
that r0(B1) 6 r0(X) for every subgroup X ∈ S. By this choice B1/C is
an H-rationally irreducible subgroup. If we suppose that
H=CH(B1/C), then CA/C(H) 6= 〈1〉. The fact that H is normal in G
implies that CA/C(H) is a G-invariant subgroup of A/C. Then the
factor (A/C)/CA/C(H) is periodic. On the other hand, A/C is tor-
sion-free, and so it follows that A/C = CA/C(H). But in this case
G/CG(A/C) is finite, and we obtain a contradiction. Using similar
arguments, we find in A an H-invariant pure subgroup B2 such
that B1 6 B2 and the factor B2/B1 is H-rationally irreducible. If we
suppose that

H = CH(B2/B1),

then using Lemma 2.13 we obtain that CA/C(H) 6= 〈1〉. Now with the
help of the above arguments we obtain a contradiction, which proves
that H 6= CH(B2/B1).

Using the same arguments, after finitely many steps, we construct
a series

〈1〉 = B0 6 B1 6 . . . 6 Bn = A

of G-invariant pure subgroups, whose factors are H-rationally ir-
reducible and H-eccentric. Using Lemma 2.14, after finitely many
steps, we obtain an H-invariant torsion-free subgroup K such that CK
has finite index. Let t = |A/CK| and put E/C = (A/C)t. Then E is
a G-invariant subgroup and E = C× L where L = E∩K. There exists
a G-invariant subgroup U of E such that (U∩C)s = 〈1〉 and Es 6 UC,
where s= |G/H| (see [15], Theorem 5.9). In particular, the factor A/UC
is a bounded group. On the other hand, A/C has finite 0-rank, which
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follows that A/UC is finite. Finally, Tor(U) = U∩C is also bounded
subgroup, so that U = (U∩C)× V for some torsion-free subgroup V
(see, for example, [9], Theorem 27.5). We have now Us = Vs, in par-
ticular, D = Us is a G-invariant torsion-free subgroup. Furthermore,
the fact that V has finite 0-rank implies that V/Vs is finite, which
follows that U/(U∩C)D is finite. In turn out, it follows that UC/DC
is finite, so that A/DC is also finite. ut

Corollary 2.16 Let G be a group and A be a normal abelian subgroup
of G. Suppose that G/CG(A) is abelian-by-finite and A satisfies the follow-
ing conditions:

(i) A ∩ ζk(G) is periodic and A/(A∩ ζk(G)) is torsion-free of finite
0-rank for some positive integer k;

(ii) A/(A∩ ζk(G)) is G-rationally irreducible;

(iii) G/CG(A/(A∩ ζk(G)) is infinite.

Then A includes a G-invariant abelian torsion-free subgroup D such that D
is G-rationally irreducible and (A∩ ζk(G))D has finite index in A.

Lemma 2.17 Let G be a group and A be a normal abelian torsion-free sub-
group of G. Suppose that G/CG(A) is locally soluble. If A is G-rationally
irreducible and r0(A) is finite, then G/CG(A) is abelian-by-finite.

Proof — Put H = G/CG(A). We can consider A as a ZH-module.
Put B = A⊗Z Q, then B naturally is an QH-module, moreover, B is
a simple QH-module. Since r0(A) = n is finite, dimQ(B) = n is fi-
nite. Thus we can consider H as an irreducible subgroup of GLn(Q).
Being locally soluble, H is soluble (see, for example, [21], Corol-
lary 3.8). Being irreducible, H is abelian-by-finite (see, for
example, [21], Lemma 3.5). ut

By Lemma 2.12, Corollary 2.16 and Lemma 2.17 we obtain

Corollary 2.18 Let G be a group and A be a normal abelian subgroup
of G. Suppose that G/CG(A) is abelian-by-finite and A satisfies the follow-
ing conditions:

(i) there exists a positive integer k such that A∩ ζk(G) is p-subgroup
for some prime p and A/(A∩ ζk(G)) is torsion-free group of finite
0-rank;
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(ii) A has a series of G-invariant subgroups

A∩ ζk(G) = A0 6 A1 6 . . . 6 Am = A

in which the factors Aj/Aj−1 are torsion-free and G-quasifinite,
for 1 6 j 6 m;

(iii) CG(Aj/Aj−1) 6= G, for 1 6 j 6 m;

Then A includes a G-invariant abelian torsion-free subgroup D such
that A/(A∩ ζk(G))D is a Chernikov p-subgroup.

3 Proof of the Theorem

Let
〈1〉 = Z0 6 Z1 6 . . . 6 Zk−1 6 Zk = Z

be a segment of the upper central series of G. Since G/Z has fi-
nite section p-rank, then G includes normal subgroups P, L, D such
that Z6P6L6D, P/Z is locally finite, L/P is a nilpotent torsion-free
subgroup of finite 0-rank, D/L is a finitely generated torsion-free
abelian group and G/D is finite (see, for example, [6], Theorem 3.6).

Put C = CG(Z). Then G/C is nilpotent (see [13]). The center of C in-
cludes C∩Z, so that C/(C∩Z) has finite section p-rank. Then
D = [C,C] has finite section p-rank, moreover, there exists a func-
tion f2 such that srp(D) 6 f2(r). The factor C/D is abelian, so that

C/D 6 CG/D(C/D).

On the other hand, G/C is nilpotent, so that (G/D)/(C/D) is nilpo-
tent. In particular, (G/D)/CG/D(C/D) is nilpotent. Further we will
consider the factor-group G/D, therefore without loss of generality
we may assume that D = 〈1〉. In other words, we can suppose that C
is abelian and G/C is nilpotent. Put T = Tor(C) and let Q be the Sy-
low p ′-subgroup of T . As above without loss of generality we can
suppose thatQ = 〈1〉. In other words, we can assume that T is a p-sub-
group. The factor-group C/T is abelian and torsion-free. It is not hard
to prove that ζj(G/T)∩C/T is a pure subgroup of C/T for each pos-
itive integer j. On the other hand, ZT/T 6 ζk(G/T), which shows
that (C/T)/(ζk(G/T)∩C/T) is a torsion-free abelian group having
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section p-rank at most r. Put

Y/T = ζk(G/T)∩C/T and X = T ∩ ζk(G).

Then T/X is a p-group having finite section p-rank at most r. It fol-
lows that T/X is a Chernikov group. Let U/X be the divisible part
of T/X. By Corollary 2.11 U/X = E/X×W/X where E has a series
of G-invariant subgroups

X = E0 6 E1 6 . . . 6 Es = E,

in which the factors Ej/Ej−1 are G-quasifinite and G-eccentric,
for 1 6 j 6 s, and W/X 6 ζr(G/X). By Corollary 2.10 E includes a
G-invariant subgroup E1 such that E=XE1 and the intersection X∩ E1
is finite. It implies the isomorphism E1 ' E/X, which shows that E1
has a section p-rank at most r. Since further we will consider the
factor-group G/E1, as above without loss of generality we may sup-
pose that E1=〈1〉. In other words, we can assume that T/(T ∩ ζk+r(G))
is finite. Using now Corollary 2.6 of the paper [14] we obtain that T in-
cludes a finite G-invariant subgroup E2 such that T/E2 6 ζk+r(G/E2).
Again we can assume that E2 = 〈1〉. In other words, further we will
suppose that T 6 ζk+r(G).

Since G/CG(C) is nilpotent, Proposition 3.7 of the paper [7] shows
that C has a series of G-invariant subgroups

〈1〉 = C0 = T 6 C1 6 . . . 6 Cs 6 C

such that the factors Cj/Cj−1 are torsion-free of finite 0-rank,
rationally irreducible and G-eccentric, where 1 6 j 6 s 6 r and also
C/Cs 6 ζk+r(G/Cs). Using Corollary 2.18 we obtain that Cs includes
a G-invariant torsion-free subgroup E3 such that r0(E3) 6 r, Cs/TE3
is a Chernikov p-group. Above we have already considered the sim-
ilar case. Using the above arguments we obtain that Cs includes
a G-invariant subgroup E4 > E3 such that srp(E4/E3) 6 2r, and
Cs/E4 6 ζj(G/E4) for some positive integer j. Then

C/E4 6 ζk+r+j(G/E4).

Since G/C is nilpotent, G/E4 is likewise nilpotent. Put L = E4. Finally,
we note that srp(L) 6 f2(r) + 5r = g(r). ut
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