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Abstract

If G is a linear group with every subgroup of G of infinite Priifer rank closed in the
profinite topology on G, we prove that either every subgroup of G is closed in this
topology or G itself has finite Priifer rank.
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1 Introduction

Let G be a group in which every subgroup of G of infinite rank is
closed in the profinite topology on G. (Rank in this paper always
means Priifer rank.) In [2] de Falco, de Giovanni and Musella prove
that if G is also either nilpotent-by-finite or an FC-group, then ei-
ther G has finite rank or every subgroup of G is profinitely closed
in G. Groups with latter property have been called extended residu-
ally finite (or ERF for short) in a number of works, e.g. [3] and [11],
and we continue that usage here.

In the introduction to [2] the authors point out that their arguments
in [2] cannot be used to prove a similar result if the group G is just
linear. However a comparable result does exist.
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Theorem Let G be a linear group with each of its subgroups of infinite
rank profinitely closed in G. Then either G has finite rank or G is ERF.
Further if G has characteristic o, then G is always soluble-by-finite of finite
rank and if G has positive characteristic, then G is abelian-by-finite and
either has finite rank or is ERF.

Clearly an infinite elementary abelian p-group (p a prime) is iso-
morphic to a linear group of characteristic p, is ERF but is of infinite
rank. Abelian ERF groups are completely characterised in Proposi-
tion 3.1 of [3]. They are the abelian groups with no Priifer sections
or equivalently those whose primary components have finite expo-
nent and whose torsion-free quotient has finite rank and no Priifer
sections.

Corollary 1 Let G be a group of automorphisms of the Noetherian mod-
ule M over a commutative ring R. Suppose every subgroup of G of infinite
rank is profinitely closed in G. Then G is soluble-by-finite and either G has
finite rank or G is ERF.

Unlike the linear case we will see below that if in Corollary 1 the
group G is of infinite rank, then G need not by abelian-by-finite. The
same remark applies the Corollary 2 below. Notice that in Corol-
lary 1, the ring R/AnngM is always Noetherian. The following is
an immediate consequence of Corollary 1 and [9] Theorem 3.2.

Corollary 2 Let G be a group of automorphisms of the Artinian mod-
ule M over a commutative ring R. Assume R/AnngM is Noetherian and
suppose that every subgroup of G of infinite rank is profinitely closed in G.
Then G is soluble-by-finite and either G has finite rank or G is ERF.

2 Proof of the Theorem

For brevity let X denote the class of all groups G with every sub-
group of G of infinite rank profinitely closed in G. Then X is sub-
group and homomorphic image closed. If G is free abelian of infinite
rank there exists N < G with G/N a Priifer group. Then N cannot
be profinitely closed in G. Also G/N is locally cyclic so rank(G) is
at most 1+ rank(N). Consequently N has infinite rank and G ¢ X.
If G is a non-abelian free group, the above applied to G’/G” yields
that G ¢ X.
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Suppose G is an X-subgroup of GL(n, F), n a positive integer and F
a field, which we may assume is algebraically closed. By a simple
corollary (see [6], 10.17) of Tit’s Theorem ([5]) the group G is solu-
ble-by-(locally finite). Also every torsion-free abelian section of G
lies in X and hence, see above, has finite rank. Thus G is poly (infi-
nite cyclic or locally finite). That is, G has finite Hirsch number and
therefore G has a locally finite normal subgroup T with G/T a finite
extension of a torsion-free soluble group of finite rank (e.g. Lemma 4
of [10]).

Suppose first that char(F) = 0. Then T is abelian-by-finite ([6], 9.4)
and therefore T°, the Zariski connected component of T containing 1,
is an abelian normal subgroup of G of finite index in T, see [6] Chap-
ter 5, especially 5.11. But rank(T%) < n by [6], 2.2. It follows that G
is a finite extension of a soluble group of finite rank.

Now assume that char(F) = p > 0. Suppose T is infinite and sim-
ple. Let P be a maximal p-subgroup of T. Then P is nilpotent of finite
exponent. Clearly T has no proper subgroups of finite index, so P
cannot be profinitely closed in T. Thus P has finite rank and hence
is finite. But then T is abelian-by-finite by a corollary ([6], 9.7) of
the Brauer-Feit Theorem [1]. Therefore T cannot be infinite and sim-
ple.

Now suppose T has no non-trivial soluble normal subgroups. Then
T has a normal subgroup E such that E is a direct product of a finite
number of simple groups and Ct(E) = (1), see [4], 5.1.5; note that
the Hirsch-Plotkin radical of T is soluble and hence here is trivial.
Then E must be finite by the infinite simple case discussed above.
Hence T/C+(E) is also finite. But Ct(E) = (1); therefore T is finite in
this case.

Now consider the general case. Let S be the product of all the
soluble normal subgroups of T. Then S is soluble ([6], 3.8). Since S
is Zariski closed in T ([6], 5.11), so T/S is isomorphic to a linear
group over F ([6], 6.4). Consequently T/S is finite by the previous
case. Clearly S is normal in G and therefore G is soluble-by-finite.

Suppose G has infinite rank. We need to prove that G is ERFE
By Lemma 4.2 of [3] a finite extension of an ERF group is also ERF.
Thus we may replace G by any one of its subgroups of finite index.
Consequently we may assume that G is soluble, (Zariski) connected
and a subgroup of the lower triangular group Tr(n,F) (see [6], 5.8;
recall F is algebraically closed).

Linear groups over F are abelian-by-finite if either they have finite
rank ([6], 10.9) or they are ERF ([11], Theorem 1.1 (ii)). We induct
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on 1; if n =1 then G is abelian and the result is clear, e.g. by [2] The-
orem A, so assume n > 2. By induction the projections of G onto
the first n — 1 of its rows and columns and onto the last n —1 of its
rows and columns satisfy the Theorem and in particular are abelian-
by-finite. Thus we may assume that A = G’ < 1+ Fe,, 1, where

{ei,j Zi,j = ],2,...,11}

denotes the standard set of n by n matrix units.

Now A is an elementary abelian p-group. Suppose A is finite. Then
the centralizer C = Cg(A) has finite index in G. Also C is nilpotent
of infinite rank, so C and G are ERF by Theorem A of [2]. There-
fore we may assume that A is infinite and hence of infinite rank. By
hypothesis every subgroup of G of infinite rank is profinitely closed
in G. Thus consider an arbitrary subgroup H of G of finite rank. Note
that HN A is finite.

Suppose first that HN A # (1). Since A embeds into the additive
group of F and G acts on it via a map of G into the multiplicative
group of F, so C(A) = C(HNA) and the latter clearly has finite
index in H. If a € A\H, there exists B > HN A with A = (a) X Bg.
Then

Ca= () (Ba)*>HNA
heH

has finite index in A and hence has infinite rank. Therefore HC, is
profinitely closed in G. Consequently so is

K = ﬂ HCq.
acA\H

Clearly K < HA. Also

KNA=((HCanNA) =()(HNA)Cq =()Ca=HNA.

a

Therefore K = KNHA = HKNA) = HHNA) = H and hence H is
profinitely closed in G.

Now assume that HNA = (1). If A = (a) x B, then B has infinite
rank. Thus B is profinitely closed in G and hence there exists a nor-
mal subgroup N of G of finite index with NN A < B. Clearly NN A
has infinite rank and is normalized by H. Hence H(N N A) is profi-
nitely closed in G and consequently so is K = (5 H(N N A). Clear-
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ly N\n(NNA) = (1) and K < HA. Thus

KNA=[HINNA)NA =(HNA)NNA)=[](NNA)=(1)
N N N

and K = KNHA = H(KNA) = H. Therefore H is profinitely closed
in G and the proof of the theorem is complete.

3 Proof of Corollary 1

By 6.1 of [8] (or see [7] for a somewhat less explicit version) there
exists a finite number of homomorphisms p; : G — GL(m, F;), where
m is a positive integer and the F; are fields with distinct charac-
teristics, such that Njkerp; = (1). We can apply the Theorem to
each Gpj, so after replacing G by one of its subgroups of finite in-
dex we may assume that each Gp; is either soluble of finite rank
or is abelian and ERF. Since abelian groups are ERF if and only
if they have no Priifer sections, so direct products of finitely many
abelian ERF groups are ERF. It follows easily that G has normal sub-
groups M and N such that G/M is soluble of finite rank, G/N is
abelian and ERF and M NN = (1).

We may assume that G has infinite rank and seek to prove that G
is ERF. Let H be any subgroup of G of finite rank. It suffices to prove
that H is profinitely closed in G. Now G’ < N, so

[M, Gl < MAN = (1).

Also G has infinite rank and G/M has finite rank. Hence M has infi-
nite rank, while HN M has finite rank. If B is a subgroup of M of fi-
nite index, then B has infinite rank, H centralizes B and therefore HB
is profinitely closed in G. Consequently so is K = (g HB.

Clearly K < HM. Also

KNM =[)(HBNM) =("|(HNM)B.
B B

Now G/N is ERF, so M is too. Consequently M/(HN M) is residually
finite. Therefore

(HAM)B=HNM.

B
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But then KNM = HNM and K = H(KNM) = H. Thus H is profinitely
closed in G and G is ERF, completing the proof of Corollary 1.

Polycyclic groups are always ERF. Arguments similar to those abo-
ve show the if G is the direct product of a polycyclic group X and
an infinite elementary abelian p-group Y for some prime p, then G
is ERF. (Here if B has finite index in Y, then G/B is polycyclic and
hence HB is profinitely closed in G.) Now X embeds into GL(n, Q)
for some integer n and Q the rationals and Y embeds into GL(2,F)
for some field F of characteristic p. Then G embeds into AutgM
for M = Q™) & F(2) and R = Q & F. Thus in both corollaries if G is of
infinite rank and ERF, there is no need for G to be abelian-by-finite.
Of course here M and R are both Noetherian and Artinian.
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