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Abstract
We prove that a minimal non-soluble (MNS in short) Fitting p-group G has a
proper subgroup K such that for every proper subgroup R of G containing K, we ha-
ve NG(R) > R. In other words, G satisfies the normalizer condition modulo K. We
also give a positive answer in McLain groups to a question aroused from the works
on MNS Fitting p-groups.
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1 Introduction

Let G be a group and X a class of groups. If G /∈ X but for every
proper subgroup K of G we have K ∈ X, then G is called a minimal
non X-group and is usually denoted by MNX. In the present paper
we consider MNS Fitting p-groups, where S denotes the class of all
soluble groups. Locally finite MNS-groups are considered mainly
in [1]–[6] and it is not known yet if such groups (in particular, Fit-
ting p-groups) exist and it is also not yet known whether they must
satisfy the normalizer condition. In the present note we obtain the
following partial answer:

* The author is grateful to the referee for careful and detailed reading, and many
useful suggestions for the proofs of some of the results
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Theorem 1 Let G be an MNS Fitting p-group, then G has a proper
subgroup K such that for every proper subgroup R of G containing K, we
have NG(R) > R. In other words, G satisfies the normalizer condition mod-
ulo K.

In [6], MNS Fitting p-groups satisfying the normalizer condition
are considered and it is shown that such groups with some additional
conditions do not exist.

Let G be a group, K be a subgroup of G and x ∈ G. We define the
center modulo K as

Z(G//K) := {g ∈ G| [g, x] 6 K for every x ∈ G}
= {g ∈ G| [g,G] 6 K}

which is a subgroup of G, and the centralizer of x modulo K as

XG(xK) := 〈g ∈ G| [g, x] ∈ K〉

which will be useful in the sequel. If we take Z(G//K) = Z, then Z is
normal in G and Z(G/Z) = 1, whenever G is perfect. But if KG = G,
then K is not contained in Z. This makes some difficulties (namely
in the proof of Lemma 4), so we should work with subgroups modu-
lo K.

In the present note we also answer the following question posi-
tively:

Does there exist a locally nilpotent perfect group G having
a proper subgroup V which does not normalize any non-
trivial finitely generated subgroup of G?

The question arises from [1] with the work on minimal non-solu-
ble Fitting-p-groups. In [1], it is seen that such groups have a proper
subgroup which satisfies the property in question. We wondered that
such groups really exist. In the present work we shall show that
the McLain group M :=M(Q, F) for a field F satisfies the property in
question (see [11, p.361]), as the following theorem states:

Theorem 2 The group M has a proper subgroup V which does not
normalize any non-trivial finitely generated subgroup of M. In particu-
lar, CM(V) = {1}.
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2 Proof of Theorem 1

In [1] and [5], some versions of the following lemma have been
proved. However, next statement does not include any imposition
to homomorphic images, so that it is a direct result.

Lemma 3 Let G be an MNS Fitting p-group for some prime p. Then for
every finite subgroup U and every proper subgroup L, we have⋂

y∈G\L

〈U,y〉 = U.

Proof — Assume that the assertion is false and so⋂
y∈G\L

〈U,y〉 6= U

for some finite subgroup U and a proper subgroup of L of G. Take

a ∈
( ⋂
y∈G\L

〈U,y〉
)
\U.

Now, G has an ascending sequence of finite subgroups Fi, for i > 1,
such that

G =
⋃
i>1

FGi .

For all i > 1, Ni := FGi is nilpotent of finite exponent. Since L is
soluble and G is perfect, we have that there is a positive integer r such
that Nr/(Nr ∩ L)N ′r is infinite. We may also assume that 〈a,U〉 6 Nr.
Put

Sr := (Nr ∩ L)N ′r and K/Sr := Frat(Nr/(Nr ∩ L)N ′r).

Now Nr/K is infinite elementary abelian. By [8, Satz 6], Nr has a
subgroup V such that U 6 V , VK/K is infinite and a /∈ V . Hence there
is an element z ∈ V \K such that a /∈ 〈U, z〉. But since Nr ∩ L 6 K, we
have that z /∈ L, and this is a contradiction. ut

Define δ0(x) = x and

δn(x1, x2 . . . , x2n) = [δn−1(x1, x2 . . . , x2n−1), δn−1(x2n−1+1, . . . , x2n)]
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for n > 1. Then a group G is soluble of derived length d if and only
if δd(g1, g2 . . . , g2d) = 1 for all g1, g2 . . . , g2d ∈ G.

Inspired by [9, Lemma 4] we prove the following critical lemma.

Lemma 4 Let G be an MNS Fitting p-group for some prime p. Then G
has a proper subgroup K such that Z(G//R) � R whenever K 6 R < G. In
other words, XG(gR) = G for some g ∈ G \ R.

Proof — Assume that the assertion is false. We shall prove that
for every proper subgroup K and for every finite subgroup U of G,
for a ∈ G \U and for every outer commutator word ψ(x1, . . . , xn),
n > 1, there exist elements y1, . . . ,yn ∈ G such that ψ(y1, . . . ,yn) /∈K
and a /∈ 〈U,y1, . . . ,yn〉. By Lemma 3, we have⋂

y∈G\K

〈U,y〉 = U

and thus there is y1 ∈ G \K such that a /∈ 〈U,y1〉 and ψ(y1) = y1 /∈ K.
So the assertion is true for n = 1. By assumption, G has a proper
subgroup R such that Z(G//R) 6 R. Let

ψ(x1, . . . , xm, xm+1, . . . , xn) = [ϕ(x1, . . . , xm),χ(xm+1, . . . , xn)].

By induction hypothesis there are y1, . . . ,ym ∈ G such that

a /∈ 〈U,y1, . . . ,ym〉 and ϕ(y1, . . . ,ym) /∈ R.

Now XG(ϕ(y1, . . . ,ym)R) 6= G by assumption. By induction hypoth-
esis G has elements ym+1, . . . ,yn such that

a /∈ 〈U,y1, . . . ,ym,ym+1, . . . ,yn〉

and
χ(ym+1, . . . ,yn) /∈ XG(ϕ(y1, . . . ,ym)R).

Hence

ψ(y1, . . . ,ym,ym+1, . . . ,yn)
= [ϕ(y1, . . . ,ym),χ(ym+1, . . . ,yn)] /∈ R > K.

So the induction is complete.
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By the above argument, we can find elements

y1,1,y1,2; . . . ;yi,1,yi,2, . . . ,yi,2i ; . . .

in G such that

a /∈ X := 〈yi,1,yi,2, . . . ,yi,2i | i > 1〉 and δi(yi,1,yi,2, . . . ,yi,2i) 6= 1

for every i > 1. But then X is a non-soluble proper subgroup of G,
which is a contradiction. ut

Proof of Theorem 1 — Let K be the subgroup defined in the state-
ment of Lemma 4 and let R be a proper subgroup of G contain-
ing K. Then by Lemma 4, there is g ∈ G \ R such that XG(gR) = G.
Then [g,G] 6 R and in particular [g,R] 6 R. This means that g belongs
to NG(R) \ R. Hence the theorem is proved. ut

3 Proof of Theorem 2

Throughout this section, let M := M(Q, F) for a field F. Then M is
a characteristically simple, locally nilpotent group (see [11, 12.1.9]).
Hence Z(M) = 1 and M is perfect. Furthermore, if F has character-
istic 0, then M is torsion-free and if F has characteristic p for some
prime p, then M is a p-group. Also M is not finitely generated and
has no proper subgroup of finite index.

Let us consider the following definitions, which are given in [7]
and will be used in the sequel.

Let g = 1+
∑
λ,µ cλ,µeλ,µ ∈M. Define

[g] = {(λ,µ) : cλ,µ 6= 0},

the support of g,

[g]1 = {λ ∈ Q : there exists µ ∈ Q such that (λ,µ) ∈ [g]},

the 1-support of g, and

[g]2 = {µ ∈ Q : there exists λ ∈ Q such that (λ,µ) ∈ [g]},

the 2-support of g.
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Let R be a subgroup of M. We define

S(R) :=
( ⋃
g∈R

[g]1

)
∪
( ⋃
g∈R

[g]2

)
.

Before embarking on the proof of Theorem 2, but first we give some
properties of M.

Lemma 5 For every finitely generated subgroup F and every proper sub-
group K of M, we have

〈F,K〉 6=M.

Proof — Assume thatM = 〈F,K〉 for a non-trivial finitely generated
subgroup F and a proper subgroup K of M. Now, we may assume
that M = 〈K, x〉 for some x ∈ G \ K. But this implies that M has a
maximal subgroup, a contradiction. ut
Lemma 6 For every finitely generated subgroup U and every proper sub-
group L of M, we have ⋂

y∈M\L

〈U,y〉 = U.

Proof — Assume that the result is false. Then there is a finitely
generated subgroup U and a proper subgroup L of G such that⋂

y∈M\L

〈U,y〉 6= U

and hence there is an element

a ∈
( ⋂
y∈M\L

〈U,y〉
)
\U.

Let a = 1+ c1eσ1,τ1 + · · ·+ cseσs,τs . Clearly, L does not contain all
generators of M of the form 1+ deα,β. Since a /∈ U and a ∈ 〈U,y〉
for every y ∈ M \ L, such a generator which is not contained in L
must be of the form 1+ geσi,δ or 1+ heγ,τi for some 1 6 i 6 s. Since
these generators must supplement the elements of U to generate a,
we have δ,γ ∈ S(U), i.e. M \ L contains only finitely many generators
of M of the form 1 + deα,β. This yields M = 〈F, L〉 for some finite
set F. But this contradicts Lemma 5. ut
Theorem 7 If {Si| i > 1} is a set of proper subgroups of M, then M has a
proper subgroup V such that V � Si for all i > 1.
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Proof — By Lemma 6 ⋂
y∈M\S1

〈y〉 = 1.

Let 1 6= a ∈ M, then there exists an element y1 ∈ M \ S1 such
that a /∈ 〈y1〉. Assume that we have elements y1, . . . ,yn such that

a /∈ 〈y1, . . . ,yn〉 and yi /∈ Si

for every 1 6 i 6 n. By Lemma 5, 〈Sn,y1, . . . ,yn〉 6= M and also
by Lemma 6 ⋂

y∈M\〈Sn,y1,...,yn〉
〈y1, . . . ,yn,y〉 = 〈y1, . . . ,yn〉.

Hence there exists yn+1 ∈M\ 〈Sn,y1, . . . ,yn〉 such that yn+1 /∈Sn+1
and a /∈ 〈y1, . . . ,yn,yn+1〉.

Now put V := 〈yi : i > 1〉. Then a /∈ V and so V 6= M. Sin-
ce yi /∈ Si, we have that V � Si for all i > 1. Consequently, V is the
desired subgroup of M. ut

Proof of Theorem 2 — Since M is countable, the set Y of its finite
subsets A is also countable. By considering the mapping f which
assigns to each A the subgroup 〈A〉, which is well-defined and sur-
jective, we see that the set of finitely generated subgroups of M is
countable. Now, considering the mapping g which assigns to each
finitely generated subgroup F of M its normalizer in M, which is
well-defined and surjective, we see that the set X of normalizers in M
of finitely generated subgroups of M is countable. If NM(F)=M for
some F, then M/CM(F) is a non-trivial polycyclic group by [10, Theo-
rem 3.27] and hence M = CM(F)K, where K is finitely generated,
which contradicts Lemma 5. Hence, it follows from Theorem 7 thatM
has a proper subgroup V such that V � NM(F) for every non-trivial
finitely generated subgroup F of M. Therefore V does not normal-
ize any non-trivial finitely generated subgroup of M and in particu-
lar CM(V) = {1}. ut

Corollary 8 If V is defined as in Theorem 2, then

|Q \ S(V)| < 2.
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Proof — Assume that |Q \ S(V)| > 2, then there are α,β ∈ Q \ S(V)
such that α < β. Now 1+ eα,β ∈ CM(V), a contradiction. ut

We have shown in a theoretical background that M has a subgroup
satisfying the property considered in the introduction. But according
to the account of the proof, the following McLain group may be an
example of V . We will need a simple conjugation calculation, but
before doing it, we give some general calculations in McLain groups
for the convenience of the readers.

Lemma 9 Let v := 1+
∑m
j=1 djeσj,τj ∈M. Then

v−1 = w := 1−

m∑
j=1

djeσj,τj +
∑

16s1,s26m
τs1=σs2

ds1ds2eσs1 ,τs2
+

−
∑

16s1,s2,s36m
τs1=σs2
τs2=σs3

ds1ds2ds3eσs1 ,τs3
+ . . .+ (−1)k

∑
16s1,...,sk6m
τs1=σs2...
τsk−1=σsk

ds1 . . . dskeσs1 ,τsk

for some k 6 m.

Proof — Since we have( m∑
j=1

djeσj,τj

)( m∑
j=1

djeσj,τj

)
=

∑
16s1,s26m
τs1=σs2

ds1ds2eσs1 ,τs2
,

( ∑
16s1,...,si6m
τs1=σs2...
τsi−1=σsi

ds1 . . . dsieσs1 ,τsi

)( m∑
j=1

djeσj,τj

)

=
∑

16s1,...,si+16m
τs1=σs2...
τsi=σsi+1

ds1 . . . dsi+1eσs1 ,τsi+1
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for all 1 < i < k and( ∑
16s1,...,si6m
τs1=σs2...
τsk−1=σsk

ds1 . . . dskeσs1 ,τsk

)( m∑
j=1

djeσj,τj

)
= 0,

we get that wv = 1. ut

For instance, if we take

v := 1+ 3e0,1 + 2e1,4 + 4e−1,0 + 2e6,7 ∈M(Q, GF(5)),

then

v−1 = 1− 3e0,1 − 2e1,4 − 4e−1,0 − 2e6,7 + e0,4 + 2e−1,1 − 4e−1,4

= 1+ 2e0,1 + 3e1,4 + e−1,0 + 3e6,7 + e0,4 + 2e−1,1 + e−1,4.

Lemma 10 Let

u := 1+

r∑
i=1

cieαi,βi , v := 1+
m∑
j=1

djeσj,τj ∈M.

Then

uv = 1+

r∑
i=1

cieαi,βi −
∑

16s16m
16s26r
τs1=αs2

ds1cs2eσs1 ,βs2
+

+
∑

16s1,s26m
16s36r
τs1=σs2
τs2=αs3

ds1ds2cs3eσs1 ,βs3
+ . . .+ (−1)k

∑
16s1,...,sk6m
16sk+16r
τs1=σs2...
τsk−1=σsk
τsk=αsk+1

ds1 . . . dskcsk+1eσs1 ,βsk+1
+

+
∑

16s16r
16s26m
βs1=σs2

cs1ds2eαs1 ,τs2
−

∑
16s1,s36m
16s26r
τs1=αs2
βs2=σs3

ds1cs2ds3eσs1 ,τs3
+
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+
∑

16s1,s2,s46m
16s36r
τs1=σs2
τs2=αs3
βs3=σs4

ds1ds2cs3ds4eσs1 ,τs4
+ . . .+

+ (−1)k
∑

16s1,...,sk,sk+26m
16sk+16r
τs1=σs2...
τsk−1=σsk
τsk=αsk+1
βsk+1=σsk+2

ds1 . . . dskcsk+1dsk+2eσs1 ,τsk+1

for some k 6 m.

Proof — Since we have

uv = 1+ v−1(u− 1) + v−1(u− 1)(v− 1)

= 1+ v−1(

r∑
i=1

cieαi,βi) + v
−1(

r∑
i=1

cieαi,βi)(

r∑
j=1

cjeαj,βj),

the result follows after using Lemma 9 and a straightforward calcu-
lation. ut

Now, we return to the promised examples. PutMα :=M(Q \ {α}, F)
for each α ∈ Q. Assume that E is a non-trivial finitely generated sub-
group of M. We will show that Mα does not normalize E. Since S(E)
is finite, there exist θ1, θ2 ∈ Q \ (S(E) ∪ {α}) such that θ1 < λ < θ2
for all λ ∈ S(E). Also there exists λ ∈ S(E) such that λ 6= α. Hen-
ce 1+ eθ1,λ, 1+ eλ,θ2 ∈Mα, and either g1=1+eλ,β1 or g2=1+eβ2,λ
belongs to E for some β1,β2 ∈ Q. Since

g
1+eθ1 ,λ
1 =1+ eλ,β1 − eθ1,β1 /∈ E

and
g
1+eλ,θ2
2 = 1+ eβ2,λ − eβ2,θ2 /∈ E,

by Lemma 10, for each α ∈ Q, Mα does not normalize any nontrivial
finitely generated subgroup of M and hence Mα is a desired sub-
group of M.
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Now, put
V1 := 〈Mα, 1+ eσ,α| σ < α〉.

Then 1+eα,β /∈V1 for every β>α. Hence V1 6=M, but S(V1)=Q (this is
also an example of a subgroup ofM such that S(V1) = Q but V1 6=M).
By a similar approach, it can be seen that V1 normalizes no finitely
generated subgroups of M. So V1 is another desired example.
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