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Abstract
We prove a weak form of the Krull-Schmidt Theorem concerning the behavior of
direct-product decompositions of G-groups, biuniform abelian G-groups, G-semi-
direct products and the G-set Hom(H,A). Here G and A are groups and H is
a G-group. Our main result is the following. Let P be any group. Let H1, . . . ,Hn,
H ′1, . . . ,H ′t be n+ t biuniform abelian normal subgroups of P. Suppose that the
products H1 . . . Hn,H ′1 . . . H

′
t are direct, that is, H1 . . . Hn = H1 × . . . × Hn and

H ′1 . . . H
′
t = H

′
1× . . .×H

′
t. Then the normal subgroupsH1× . . .×Hn andH ′1× . . .×H

′
t

of P are P-isomorphic if and only if n = t and there exist two permutations σ
and τ of {1, 2, . . . ,n} such that [Hi]m = [H ′

σ(i)]m and [Hi]e = [H ′
τ(i)]e for eve-

ry i = 1, 2, . . . ,n.
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1 Introduction

In some previous papers [1, 5, 8], the second author studied a phe-
nomenon concerning direct-sum decompositions in some classes of
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modules, consisting essentially in the validity of a weak form of
the Krull-Schmidt Theorem. Here is an example. A right module U
over a ring R is said to be a biuniform module if it is non-zero, the
intersection of any two non-zero submodules of U is non-zero and
the sum of any two proper submodules of U is a proper submodule
of U. For instance, uniserial non-zero R-modules, that is, the modules
whose lattice of submodules is linearly ordered under inclusion, are
biuniform modules.

Two right R modules U and V are said to belong to

1. the same monogeny class, denoted [U]m = [V]m, if there exist a
monomorphism U→ V and a monomorphism V → U;

2. the same epigeny class, denoted [U]e = [V]e, if there exist an epi-
morphism U→ V and an epimorphism V → U.

The weak form of the Krull-Schmidt Theorem we refer to above is
the following.
Theorem A ([5, Theorem 1.9]) Let U1, . . . , Un, V1, . . . , Vt be n+ t bi-
uniform right modules over a ring R. Then the direct sums U1 ⊕ . . .⊕Un
and V1 ⊕ . . .⊕ Vt are isomorphic R-modules if and only if n = t and there
exist two permutations σ and τ of {1, 2, . . . ,n} such that [Ui]m=[Vσ(i)]m
and [Ui]e = [Vτ(i)]e for every i = 1, 2, . . . ,n.

In the previous two papers [9, 2], we looked for a similar result in
the setting of groups. In this paper we continue in this investigation.
Our main result is the following Theorem B:
Theorem B Let P be any group. Let H1, . . . ,Hn,H ′1, . . . ,H ′t be n+ t
biuniform abelian normal subgroups of P. Suppose that the products

H1 . . . Hn, H ′1 . . . H
′
t

are direct, that is,H1 . . . Hn=H1 × . . .×Hn andH ′1 . . . H
′
t=H

′
1×. . .×H

′
t.

Then the normal subgroups H1×. . .×Hn and H ′1×. . .×H
′
t of P are P-iso-

morphic if and only if n = t and there exist two permutations σ and τ
of {1, 2, . . . ,n} such that [Hi]m = [H ′

σ(i)]m and [Hi]e = [H ′
τ(i)]e for eve-

ry i = 1, 2, . . . ,n.
Here, by a biuniform abelian normal subgroup H of P, we mean

an abelian group H belonging to the modular lattice N(P) of all nor-
mal subgroups of P for which the interval [1,H] is a modular lat-
tice of Goldie dimension 1 and dual Goldie dimension 1. For the
other exact definitions, see Section 5. Notice that the automorphisms
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of the G-group G in the category of G-groups are exactly the cen-
tral automorphisms of G. Coherently, the classical Krull-Schmidt-Re-
mak Theorem concerns the existence of a central automorphism of
the group G of which we study the direct-product decompositions.
In Theorem B, in a similar way, we get a P-isomorphism, which is an
isomorphism in the category of P-groups (see Proposition 5.2).

In this paper, we also present further results related to Theo-
rem A concerning the behaviour of direct-product decompositions
of G-groups, biuniform abelian G-groups, G-semidirect products and
the G-set Hom(H,A). Here G and A are groups and H is a G-group.

We denote by Z the ring of integers and by J(R) the Jacobson radi-
cal of a ring R.

2 Basic notions on G-groups

Let G be a group. A G-group is a pair (H,ϕ), where H is a group
and ϕ : G → Aut(H) is a group homomorphism. Equivalently, it is a
group H endowed with a mapping

· : G×H→ H, (g,h) 7→ gh

such that

(a) g(hh ′) = (gh)(gh ′)
(b) (gg ′)h = g(g ′h)
(c) 1Gh = h

for every g, g ′ ∈ G and every h,h ′ ∈ H.
A G-group morphism f : (H,ϕ) → (H ′,ϕ ′) is a group homomor-

phism f : H → H ′ such that f(gh) = gf(h) for every g ∈ G, h ∈ H.
We will denote by G -Grp the category of G-groups.

The symbol H ′ 6G H will denote that H ′ is a G-subgroup of H. We
say that H is an abelian G-group if H is a G-group and H is abelian.
For such an H, the set SubG(H) of all G-subgroups of H coincides
with the set NG(H) of all normal subgroups H ′ of H with H ′ 6G H.
Thus SubG(H) = NG(H) is a complete bounded lattice with respect
to inclusion. The full subcategory of G -Grp whose objects are all
abelian G-groups will be denoted by Ab(G -Grp). It is an abelian
subcategory of G -Grp. We say that a G-group H is uniserial if the
set SubG(H) of G-subgroups of H is linearly ordered under inclusion.
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In this paper, we will deal with monomorphisms and epimor-
phisms in the category G -Grp. The monomorphisms in G-Grp are ex-
actly the G-group morphisms that are injective mappings, the isomor-
phisms are precisely the bijective G-group morphisms, and the epi-
morphisms in G -Grp are exactly the surjective mappings. These facts
appear in [2]. Since the proof for the epimorphisms in [2, Theo-
rem 2.2] is rather technical, we give here a more direct proof. It is
similar to the proof of the analogous result for the category of groups
due to Linderholm [13] (also see [14, Exercise 5, p. 21]).

Theorem 2.1 Let G be a group and (H, ϕ), (H ′, ϕ ′) be G-groups.
A G-group morphism f : H ′ → H is an epimorphism in the category G-Grp
if and only if it is a surjective mapping.

Proof — Clearly, any surjective G-group morphism is an epimor-
phism in hboxG-Grp. Conversely, let f : H ′ → H be an epimorphism
in G-Grp. Set A := f(H ′), so that A 6G H.

Step 1: there are G-sets X (via a group morphism σ : G→ SX, whe-
re SX denotes the symmetric group on X), which are also H-sets
(via σ ′ : H → SX), such that the two actions are compatible in the
sense that σ ′(gh) = σ(g) ◦ σ ′(h) ◦ σ(g−1) for every g ∈ G,h ∈ H.

For instance, this is the case of the set X ′ = {∗} with one element ∗.
A less trivial example is the set X ′′ = {hA | h ∈ H } of all left cosets
of A in H. In this case, the (well defined!) action of G on X ′′ is de-
fined by g(hA) = (gh)A and the action of H on X ′′ is defined
by h1(hA) = (h1h)A for every g ∈ G,h,h1 ∈ H. Let us show that the
two actions are compatible. We must show that

σ ′(gh)(h1A) = (σ(g) ◦ σ ′(h) ◦ σ(g−1))(h1A)

for every g ∈ G, h,h1 ∈ H. Now σ ′(gh)(h1A) = ((gh)h1)A and

(σ(g) ◦ σ ′(h) ◦ σ(g−1))(h1A) = (g(h(g−1h1)))A.

These two left cosets are equal, because

(gh)h1=gh · g(g−1(h1)) = g(h(g−1h1)).

In the rest of this proof, we will need as X := {∗} ∪ X ′′, the dis-
joint union of X ′ and X ′′, which has the properties in the statement
of Step 1.
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Step 2: there is a permutation τ : X→ X of X such that

τ ◦ σ(g) = σ(g) ◦ τ

for every g ∈ G.

In fact, let τ be the transposition (∗ A) (the elements ∗ and the co-
set A ∈ X ′′ are swapped and all the other elements of X, that is, all
cosets hA 6= A, are fixed by τ). In order to prove that

(τ ◦ σ(g))(x) = (σ(g) ◦ τ)(x)

for every g ∈ G and x ∈ X, we must distinguish the three ca-
ses x = hA 6= A, x = A and x = ∗.

In the first case, we have that x = hA for some h ∈ H \A. The auto-
morphism ϕ(g) ∈ Aut(H) induces an endomorphism on the G-sub-
group A of H, so that gA ⊆ A. Similarly for g−1, so gA = A. It follows
that if h ∈ H \A, then gh ∈ H \A, so (gh)A 6= A. Thus

(τ ◦ σ(g))(x) = τ(σ(g)(hA)) = τ((gh)A) = (gh)A

and
(σ(g) ◦ τ)(x) = σ(g)(τ(hA)) = g(hA),

and we are done.
In the second case x = A, we have that

(τ ◦ σ(g))(x) = τ(σ(g)(A)) = τ(A) = ∗

and
(σ(g) ◦ τ)(x) = σ(g)(τ(A)) = g(∗) = ∗,

as we wanted.
In the third case, we have x = ∗, so that

(τ ◦ σ(g))(x) = τ(σ(g)(∗)) = τ(∗) = A

is equal to
(σ(g) ◦ τ)(x) = σ(g)(τ(∗)) = g(A) = A.

Step 3: for every h ∈ H, one has τ ◦ σ ′(h) = σ ′(h) ◦ τ if and only
if h ∈ A.
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In fact, suppose h ∈ A. We must prove that

(τ ◦ σ ′(h))(x) = (σ ′(h) ◦ τ)(x)

for every x∈X. As in Step 2, we have the three cases

x=h1A 6=A, x = A and x = ∗.

If x = h1A for some h1 ∈ H \A, then

(τ ◦ σ ′(h))(x) = τ(σ ′(h)(h1A)) = τ(hh1A).

Then h ∈ A implies hh1 /∈ A, so

(τ ◦ σ ′(h))(x) = τ(hh1A) = hh1A.

Moreover,
(σ ′(h) ◦ τ)(x) = σ ′(h)(h1A) = hh1A,

as we wanted to prove.

In the second case x = A, we have that

(τ ◦ σ ′(h))(x) = τ(σ ′(h)(A)) = τ(A) = ∗

and
(σ ′(h) ◦ τ)(x) = σ ′(h)(τ(A)) = h(∗) = ∗,

as we wanted.

In the third case, we have x = ∗, so that

(τ ◦ σ ′(h))(x) = τ(σ ′(h)(∗)) = τ(∗) = A

is equal to
(σ ′(h) ◦ τ)(x) = σ ′(h)(τ(∗)) = hA = A.

Finally, suppose h ∈ H \A. We must prove that

(τ ◦ σ ′(h))(x) 6= (σ ′(h) ◦ τ)(x)

for some x ∈ X. In fact, set x := h−1A. Then

(τ ◦ σ ′(h))(x) = τ(σ ′(h)(h−1A)) = τ(A) = ∗
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and

(σ ′(h) ◦ τ)(x) = σ ′(h)(τ(h−1A)) = h(h−1A) = A 6= ∗.

This concludes Step 3.
Now let FX be the free group on the set X. Thus every bijec-

tion X→ X extends to a unique group automorphism FX → FX, so
that we can view SX as a subgroup of K := Aut(FX). Consider theG-set
structure on X given by

σ : G→ SX ⊆ Aut(FX) = K.

There is a group morphism ϕ ′′ : G→ Aut(K) defined by

ϕ ′′(g)(a) = σ(g) ◦ a ◦ σ(g−1)

for every g ∈ G and every a ∈ K = Aut(FX). Also, the H-set structure
on X induces a group homomorphism σ ′ : H→ SX⊆K.

Step 4: because of the compatibility between the action of G on X
and the action ofH on X (Step 1), the mapping σ ′ : H→K is a G-group
morphism.

We must show that σ ′(gh) = gσ ′(h) for every g ∈ G, h ∈ H.
Now gσ ′(h) = ϕ ′′(g)(σ ′(h)) = σ(g) ◦ σ ′(h) ◦ σ(g−1) = σ ′(gh).

Now consider the permutation τ : X → X of Step 2. We have
that τ ∈ SX ⊆ K = Aut(FX), so that conjugation by τ is a group
morphism τ ′ : K→ K, defined by

τ ′(k) = τ ◦ k ◦ τ−1

for every k ∈ K = Aut(FX).
Step 5: the group morphism τ ′ : K→ K is a G-group morphism.
By Step 2, we have that τ ◦ σ(g) = σ(g) ◦ τ for every g ∈ G, so

that τ ◦ σ(g) ◦ k ◦ σ(g−1) ◦ τ−1 = σ(g) ◦ τ ◦ k ◦ τ−1 ◦ σ(g−1) for eve-
ry k ∈ K = Aut(FX). Equivalently, τ ′(gk) = gτ ′(k).

Step 6: for the two G-group morphisms

σ ′ : H→ K and τ ′ ◦ σ ′ : H→ K,

we have that σ ′ ◦ f = τ ′ ◦ σ ′ ◦ f.
We must prove that σ ′(f(h ′)) = τ ′(σ ′(f(h ′))) for every h ′ ∈ H ′.

Equivalently, we must show that σ ′(a) = τ ′(σ ′(a)) for every a ∈ A, or,
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equivalently, that σ ′(a) = τ ◦ σ ′(a) ◦ τ−1. But we have seen in Step 3

that a ∈ A implies τ ◦ σ ′(a) = σ ′(a) ◦ τ.

Step 7: proof of the theorem.
Since f is an epimorphism, from what we have verified in Step 6,

it follows that σ ′ = τ ′ ◦ σ ′, that is, σ ′(h) = τ ′(σ ′(h)) for every h ∈ H.
Equivalently, we have that

σ ′(h) = τ ◦ σ ′(h) ◦ τ−1,

that is, τ ◦ σ ′(h) = σ ′(h) ◦ τ for every h ∈ H. But we have seen
in Step 3 that this implies h ∈ A. In other words, H ⊆ A = f(H ′),
which proves that f is a surjective mapping. ut

3 The Weak Krull-Schmidt Theorem for biuniform
abelian G-groups

Let G be a group and H,H ′ be two G-groups. We say that H and H ′

belong to the same monogeny class, and write [H]m=[H ′]m, if there
exist a monomorphism H→ H ′ and a monomorphism H ′ → H. Du-
ally, we say that H and H ′ belong to the same epigeny class, and wri-
te [H]e = [H ′]e, if there exist an epimorphism H→ H ′ and an epimor-
phism H ′ → H.

Let G be a group and H an abelian G-group. We say that H is uni-
form if H 6= 1 and the intersection of any two non-trivial G-subgroups
of H is non-trivial. Dually, we say that H is couniform if H 6= 1 and
the product of any two proper G-subgroups of H is a proper sub-
group of H. Finally, we say that H is biuniform if it is both uniform
and couniform. Clearly, any abelian uniserial G-group H 6= 1 is biu-
niform.

Theorem 3.1 Let G be a group and H1, . . . ,Hn,H ′1, . . . ,H ′t be n + t
biuniform abelian G-groups. Then the direct products

H1 × . . .×Hn and H ′1 × . . .×H
′
t

are isomorphic G-groups if and only if n = t and there exist two
permutations σ and τ of {1, 2, . . . ,n} such that [Hi]m = [H ′

σ(i)]m

and [Hi]e = [H ′
τ(i)]e for every i = 1, 2, . . . ,n.



G-groups and biuniform abelian normal subgroups 87

Proof — Let ZG denote the group ring of G. Recall that there is
a functor F : ZG-Mod → G -Grp, which associates to every left ZG-
module (M, λ), where λ : ZG→ End(M) is a ring morphism into the
endomorphism ring of the abelian group M, the G-group (M, λ|G),
where λ|G : G → Aut(M) is the restriction of λ and M is viewed
in G -Grp as a multiplicative group. The corestriction

F|Ab(G -Grp) : ZG-Mod→ Ab(G -Grp)

turns out to be a category equivalence [2, before Remark 2.3]. A
subgroup of the abelian group M is a ZG-submodule of (M, λ) if
and only if it is a G-subgroup of (M, λ|G), so that SubG(M) is the
lattice of all ZG-submodules of M. It follows that, in the category
equivalence F|Ab(G -Grp), biuniform ZG-modules correspond exactly
to biuniform abelian G-groups. The functor F|Ab(G -Grp) is the iden-
tity on morphisms and, in both categories ZG-Mod and Ab(G -Grp),
monomorphisms (epimorphisms, resp.) are the injective (surjective,
resp.) morphisms respectively. It follows that F|Ab(G -Grp) preser-
ves both monogeny classes and epigeny classes. Finally, notice
that F|Ab(G -Grp) transforms finite direct sums (= products in the ad-
ditive category ZG-Mod) into finite direct products in the additive
category Ab(G -Grp). The conclusion now follows from [6, Theo-
rem 9.13]. ut

Let n > 2 be an integer. We claim that there exists a group G
with n2 pairwise non-isomorphic biuniform abelian G-groups

Ui,j (i, j = 1, 2, . . . ,n)

with the following properties:

(a) for every i, j, k, ` = 1, 2, . . . ,n, [Ui,j]m = [Uk,`]m if and only
if i = k;

(b) for every i, j, k, ` = 1, 2, . . . ,n, [Ui,j]e = [Uk,`]e if and only if j = `.

From Theorem 3.1, it follows that

U1,1 ×U2,2 × . . .×Un,n ' Uσ(1),τ(1) ×Uσ(2),τ(2) × . . .×Uσ(n),τ(n)

for every pair of permutations σ, τ of {1, 2, . . . ,n}.

Our example will be constructed adapting an example that appears
in [5, Example 2.1] (also see [6, Example 9.20]). In that example, the
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following ring R was considered. Let Q be the field of rational num-
bers and Mn(Q) be the ring of all n×n-matrices with entries in Q.
Let Zp, Zq be the localizations of the ring Z at two distinct maximal
ideals (p) and (q) of Z (here p,q ∈ Z denote two distinct primes > 3).
Let Λp be the subring of Mn(Q) whose elements are the n×n-ma-
trices with entries in Zp in and below the diagonal and entries in
pZp above the diagonal, that is,

Λp :=


Zp pZp . . . pZp
Zp Zp . . . pZp

...
. . .

Zp Zp . . . Zp

 ⊆Mn(Q).

Similarly, set

Λq :=


Zq qZq . . . qZq
Zq Zq . . . qZq

...
. . .

Zq Zq . . . Zp

 ⊆Mn(Q).

If

R =

(
Λp Mn(Q)
0 Λq

)
,

then R turns out to be a subring of the ring M2n(Q) of all 2n×2n-ma-
trices with rational entries.
Let G := U(R) be the group of the invertible elements of R. First of all,
we will determine the elements of G. Let U(Zp),U(Zq) be the groups
of invertible elements of the rings Zp, Zq, respectively. Observe that
U(Zp) = Zp \ pZp, and that U(Zp) is the free abelian group with
free set of generators the set of all primes distinct from p. Let Gp be
the subgroup of GLn(Q) whose elements are the n×n-matrices with
entries in U(Zp) in the diagonal, entries in pZp above the diagonal,
and entries in Zp below the diagonal, so that

Gp :=


U(Zp) pZp . . . pZp

Zp U(Zp) . . . pZp
...

. . .
Zp Zp . . . U(Zp)

 ⊆ GLn(Q).

Similarly, let Gq be the subgroup of GLn(Q) whose elements are
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the n×n-matrices with entries in U(Zq) in the diagonal, entries in
qZq above the diagonal, and entries in Zq below the diagonal, so
that

Gq :=


U(Zq) qZq . . . qZq

Zq U(Zq) . . . qZq
...

. . .
Zq Zq . . . U(Zq)

 ⊆ GLn(Q).

It is easy to see that

G =

(
Gp Mn(Q)
0 Gq

)
. (1)

To see it, recall that the Jacobson radicals of Λp and R are

J(Λp) =


pZp pZp . . . pZp
Zp pZp . . . pZp

...
. . .

Zp Zp . . . pZp


and

J(R) =

(
J(Λp) Mn(Q)
0 J(Λq)

)

respectively [5, Example 2.1], so that R/J(R) is isomorphic to the di-
rect product (Z/pZ)n × (Z/qZ)n of 2n fields. The canonical pro-
jection π : R → R/J(R) is a local morphism, i.e., an element of R is
invertible in R if and only if its image in R/J(R) is invertible in R/J(R).
Thus we have a local morphism

R→ (Z/pZ)n × (Z/qZ)n,

which associates to each matrix in R the residues of its elements in
the diagonal. Hence a matrix in R belongs to G if and only if its first n
elements in the diagonal are in U(Zp) and the last n elements in the
diagonal are in U(Zq).

Let en+1 be the idempotent matrix with 1 in the (n+1,n+1)-entry
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and 0 in the other entries. The left ideal

Ren+1 =



0 . . . 0 Q 0 . . . 0
...

...
...

...
...

0 . . . 0 Q 0 . . . 0
0 . . . 0 Zq 0 . . . 0
...

...
...

...
...

0 . . . 0 Zq 0 . . . 0


of R is uniserial.

The modules Ui,j constructed in [5, Example 2.1] are submodules
of homomorphic images of the left ideal Ren+1 of R. Thus, in order
to show that the G-groups Ui,j are biuniform as G-groups, it suf-
fices to show that Ren+1 is uniserial as a G-group. To this end, it
is sufficient to show that the G-subgroups of Ren+1 coincide with
the R-submodules of Ren+1, and for this it is enough to show that
the canonical mapping ZG→ R is onto, that is, that every element
of R is a finite sum of invertible elements of R. Because of (1), it suf-
fices to show that in the ring direct product (Z/pZ)n × (Z/qZ)n

of 2n rings, every element is a finite sum of invertible elements. In
fact, every element of (Z/pZ)n× (Z/qZ)n is a sum of two invertible
elements, because, for every element

(a1, . . . ,an,b1, . . . ,bn)

of (Z/pZ)n × (Z/qZ)n, we have that

(a1, . . . ,an,b1, . . . ,bn) =

(a1 ± 1, . . . ,an ± 1,b1 ± 1, . . . ,bn ± 1) − (±1, . . . ,±1,±1, . . . ,±1),

where ±1 is +1 if ai is ≡ 0, 1, 2, . . . ,p− 2 (mod pZp), and ±1 is −1
if ai ≡ p − 1 (mod pZp), and similarly for the bi’s (here we are
using the fact that p,q > 3, so that every element in Zp, Zq is a sum
of two invertible elements). Thus we have proved that Ren+1 is a uni-
serial G-group, so that all the n2 G-groups Ui,j are uniserial, hence
biuniform.

Thus the G-groups Ui,j, i, j = 1, 2, . . . ,n, have the required proper-
ties. In fact, morphisms, monomorphisms and epimorphisms in the
two categories Ab(G -Grp) and R-Mod coincide, so that two R-mo-
dules are in the same monogeny class as R-modules if and only if
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they are in the same monogeny class as G-groups, and similarly
for epigeny classes. This concludes the proof of our claim.

4 The category G-Sdp of all G-semidirect products

The notion of suddirect product was introduced by Birkhoff in 1944,
and is particularly convenient in the study of G-groups. Let us be mo-
re precise. We will now consider semidirect product of two groups.
The construction of semidirect product can also be carried out for any
pair of monoids. If M and M ′ are monoids and ϕ : M ′ → End(M)
is a monoid morphism, the semidirect product of M and M ′ via ϕ,
denoted MoϕM ′, is the cartesian product M×M ′ with the multi-
plication defined by

(a,a ′)(b,b ′) = (aϕ(a ′)(b),a ′b ′),

where a,b ∈M and a ′,b ′ ∈M ′ [12, p. 425]. In this paper, we will be
concerned only about semidirect product of groups.

Recall that a group P is a semidirect product of its normal sub-
group H and its subgroup G, written P = HoG, if and only if there
exists a group morphism P → G with kernel H which is the iden-
tity on G. For a fixed group G, we will consider the category G-Sdp
of G-semidirect products (G-Sdp is sometimes also called the category
of pointed objects over the G-group G). Its objects are the triples (P,α,β),
where P is a group and α : G→ P, β : P → G are group morphisms
such that the composite mapping βα is the identity automor-
phism idG of the groupG. The morphisms from (P,α,β) to (P ′,α ′,β ′)
in G-Sdp are the group morphisms a : P → P ′ for which the diagram

G
α−→ P

β−→ G
‖ ↓ a ‖
G

α ′−→ P ′
β ′−→ G

commute, that is, such that aα = α ′ and β ′a = β.
There is a category equivalence F : G -Grp → G-Sdp [2, 4.1]. It as-

signs to any object (H,ϕ) of G -Grp the object (P,α,β) of G-Sdp,
where P is the semidirect product H o G, which we had denoted
by Hoϕ G above, that is, the cartesian product H×G with the oper-
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ation defined by

(h1, g1)(h2, g2) = (h1ϕ(g1)(h2), g1g2),

α : G → P is defined by α(g) = (1, g) and β : P → G is defined
by β(h, g) = g.

If (H,ϕ) and (H
′
,ϕ
′
) are G-groups and (P,α,β), (P ′,α ′,β ′) are the

corresponding objects of G-Sdp, the functor

F : G -Grp→ G-Sdp

associates to any G-group morphism

f : (H,ϕ)→ (H ′,ϕ ′)

the group morphism f̃ : P = HoG→ P ′ = H ′ oG defined by

f̃(h, g) = (f(h), g)

for every (h, g) ∈ P = HoG.

If we restrict the category equivalence F : G -Grp → G-Sdp to the
abelian objects, we get a category equivalence between the catego-
ry Ab(G -Grp) and the category Ab(G-Sdp). But we have see in the
proof of Theorem 3.1 that the category Ab(G -Grp) is equivalent to
the category ZG-Mod. Thus the category Ab(G-Sdp) is abelian.
Its objects are the semidirect products P = HoG with H an abelian
group. In particular, if (P,α,β), (P ′,α ′,β ′) are two objects of G-Sdp
with H,H ′ abelian, then

HomG-Sdp(P,P ′)

is an abelian additive group. The addition in HomG-Sdp(P, P ′) is
defined as follows. If a,b∈HomG-Sdp(P,P ′), then

(a+ b)(p) = a(p)b(p)(α ′β(p))−1

for every p ∈ P. The zero element of the additive group

HomG-Sdp(P,P ′)
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is α ′β. The opposite of a is −a defined by

(−a)(p) = (a(p))−1(α ′β(p))2

for every p ∈ P.

As we have already said at the beginning of this section, products
in the category G-Sdp are very nice examples of subdirect products
in the sense of Birkhoff. Let (Pλ,αλ,βλ), λ ∈ Λ, be a family of objects
in the category G-Sdp, and construct the pullback of the group mor-
phisms βλ : Pλ → G. We denote it by

∏G
λ∈Λ Pλ. It is the subgroup of

the direct product
∏
λ∈Λ Pλ consisting of all the λ-tuples

(pλ)λ∈Λ ∈
∏
λ∈Λ

Pλ

such that
βλ(pλ) = βµ(pµ)

for every λ,µ ∈ Λ. Let α : G →
∏G
λ∈Λ Pλ be the mapping defined

by α(g) = (αλ(g))λ∈Λ for every g ∈ G and β :
∏G
λ∈Λ Pλ → G be

the mapping defined by β(pλ)λ∈Λ = βλ0(pλ0), where λ0 is any el-
ement of Λ. Then (

∏G
λ∈Λ Pλ,α,β) is the product in G-Sdp of the

family (Pλ,αλ,βλ), λ ∈ Λ. The projections πµ :
∏G
λ∈Λ Pλ → Pµ are

the restrictions of the canonical projections
∏
λ∈Λ Pλ → Pµ.

For a finite family (Pλ,αλ,βλ), λ ∈ Λ, of G-semidirect products

Pλ = Hλ oG

with the groups Hλ abelian groups (Λ finite), product and coproduct
coincide, because the category Ab(G-Sdp) is additive. In this case, if
we consider the mappings εµ : Pµ →

∏G
λ∈Λ Pλ, defined by

εµ(pµ) = (qλ)λ∈Λ,

where qµ = pµ and qλ = αλβµ(pµ) for λ 6= µ, then πµεµ = idPµ
and

∑
λ∈Λ ελπλ = id∏G

λ∈Λ Pλ
.

Let us pay specific attention to the abelian category Ab(G-Sdp).
The monomorphisms (epimorphisms) in this abelian category are
the injective (surjective) morphisms. Thus, for any two semidirect
products P = H o G and P ′ = H ′ o G with H,H ′ abelian groups,
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we say that P and P ′ belong to the same monogeny class, and wri-
te [P]m = [P ′]m, if there exist injective morphism P → P ′ and P ′ → P
in the category G-Sdp. Dually, we say that P and P ′ belong to the
same epigeny class, and write [P]e = [P ′]e, if there exist surjective mor-
phisms P → P ′ and P ′ → P in G-Sdp.

Let P = HoG be a semidirect product with H an abelian group.
We say that P is biuniform if H is a biuniform G-group with respect to
the G-action defined by conjugation. From Theorem 3.1, we immedi-
ately obtain that:

Theorem 4.1 Let G be a group and

Pi = Hi oG (i = 1, 2, . . . ,n), P ′j = H
′
j oG (j = 1, 2, . . . , t)

be n+ t biuniform semidirect products with all the groups Hi,H ′j abelian
groups. Then the subdirect products

G∏
i

Pi and
G∏
j

P ′j

are isomorphic (in the category G-Sdp) if and only if n = t and there
exist two permutations σ and τ of {1, 2, . . . ,n} such that [Pi]m = [P ′

σ(i)]m

and [Pi]e = [P ′
τ(i)]e for every i = 1, 2, . . . ,n.

5 Biuniform abelian normal subgroups of a group

We are now ready to generalize the results in Section 3 to abelian
biuniform normal subgroups of an arbitrary group P. Consider the
following problem. Let P be any group and H an abelian normal
subgroup of P. Then H is a P-group via conjugation, so that it is
an abelian P-group. Thus H turns out to be a left ZP-module via
the left scalar multiplication p · h = php−1 for every p ∈ P, h ∈ H.
If H,H ′ are abelian normal subgroups of P, the set HomP(H,H ′) of
all P-normal morphisms from H to H ′, that is, the set of all group
morphisms f : H→ H ′ such that f(php−1) = pf(h)p−1) ([9, Section 4]
and [2, Introduction]), is an additive group. We say that two normal
subgroups H,H ′ of P are P-isomorphic if there exists a P-normal group
isomorphism H→ H ′. The set EndP(H) of all P-normal endomor-
phisms of H is a ring. If the ring EndP(H) is local, then H is indecom-
posable as a P-group, that is, it cannot be written as a direct product
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of two non-trival normal subgroups of P. If EndP(H) is semiperfect,
then H is a direct product of finitely many indecomposable normal
subgroups of P [6, Proposition 3.14], and the Krull-Schmidt Theorem
applies, so that any two direct-product decompositions of H into in-
decomposable normal subgroups of P are P-isomorphic, that is, such
a direct-product decomposition is unique up to bijective P-normal
morphisms.

Thus let P be a group and N(P) the set of all normal subgroups
of P, so that N(P) is a bounded complete modular lattice under inclu-
sion. Let Nab(P) ⊆ N(P) be the set of all abelian normal subgroups
of P. Then Nab(P) is a partially ordered subset of N(P), and Nab(P)
is a union of intervals [1,H] of N(P), H ∈ Nab(P). Here by the inter-
val [1,H] we mean the set of all H ′ ∈ N(P) with H ′ ⊆ H. Thus Nab(P)
is a union of modular lattices, but is not a sublattice of N(P), be-
cause if H, L ∈ Nab(P), then H ∨ L = HL is not necessarily abelian.
Thus H ∨ L does not necessarily exist in Nab(P), but it does exist
when H∧L=H∩L=1. More generally, if {Hi | i ∈ I } is a set of join-
independent abelian groups in the modular lattice N(P) [6, p. 51],
then

∨
i∈IHi (the upper bound in the complete lattice N(P)) belongs

to Nab(P). Notice that, applying Zorn’s Lemma, every element
of Nab(P) is contained in a maximal element of Nab(P).

When the group P is finite, the situation is very simple. For any
abelian normal subgroup H of P, H is a finite left ZP-module, hence
a left ZP-module of finite composition length. Thus Fitting’s Lemma
applies, so that, by the Krull-Schmidt Theorem [6, Corollary 2.23],
any two direct-product decompositions of H into indecomposable
normal subgroups of P are P-isomorphic.

Among the elements H ∈ Nab(P), we are particularly interested
in the abelian normal subgroups H of P for which the interval [1,H]
has Goldie dimension 1 and dual Goldie dimension 1. We will say
that these abelian normal subgroups H of P are biuniform. Thus an
abelian normal subgroup H of P is biuniform if and only if H 6= 1, the
intersection of any two non-trivial normal subgroups of P contained
in H is non-trivial and the product of any two normal subgroups of P
properly contained in H is a proper subgroup of H.

For every biuniform abelian normal subgroup H of P, the endo-
morphism ring EndP(H) has at most two maximal right ideals [6,
Theorem 9.1]. If {H1, . . . ,Hn} is a join-independent set of abelian biu-
niform normal subgroups of P, we can apply the results in Section 3

about the Weak Krull-Schmidt Theorem for P-groups (Theorem 3.1)
and describe the direct-product decompositions of the abelian nor-
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mal subgroup

H := H1 ∨ . . .∨Hn = H1 × . . .×Hn

of P.
We say that two normal subgroups H,H ′ of P belong to the same

monogeny class, and write [H]m = [H ′]m, if there exist a P-normal
injective group morphism H → H ′ and a P-normal injective group
morphism H ′ → H. Dually, we say that H and H ′ belong to the same
epigeny class, and write [H]e = [H ′]e, if there exist a P-normal sur-
jective group morphism H → H ′ and a P-normal surjective group
morphism H ′ → H. From Theorem 3.1, we immediately get that:

Theorem B Let P be any group. Let

H1, . . . ,Hn,H ′1, . . . ,H ′t

be n+ t biuniform abelian normal subgroups of P. Suppose that the prod-
ucts H1 . . . Hn,H ′1 . . . H

′
t are direct, that is, H1 . . . Hn=H1 × . . .×Hn

and H ′1 . . . H
′
t = H

′
1×. . .×H

′
t. Then the normal subgroups H1×. . .×Hn

and H ′1×. . .×H
′
t of P are P-isomorphic if and only if n = t and there ex-

ist two permutations σ and τ of {1, 2, . . . ,n} such that [Hi]m = [H ′
σ(i)]m

and [Hi]e = [H ′
τ(i)]e for every i = 1, 2, . . . ,n.

Remark 5.1 Notice that the automorphisms of the G-group G in
the category of G-groups are exactly the central automorphisms of G
[2, paragraph after Remark 3.2]. Coherently, the classical Theorem
of Krull-Schmidt-Remak concerns the existence of a central automor-
phism of the group G of which we study the direct-product decom-
positions. In Theorem B, in a similar way, we get a P-isomorphism, that
is, an isomorphism in the category of P-groups. More precisely:

Proposition 5.2 Let G = H1× . . .×Hn = H ′1× . . .×H
′
n be two direct-

product decompositions of a group G. The following conditions are equiva-
lent:

(a) There exists a central automorphism ϕ of G such that ϕ(Hi) = H ′i
for every i = 1, 2, . . . ,n.

(b) There exists aG-isomorphismsϕi : Hi → H ′i for every i = 1, 2, . . . ,n.

Proof — If there is a central automorphism ϕ of G such that
ϕ(Hi) = H

′
i for every i = 1, 2, . . . ,n, the matrix representation of ϕ
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with respect to the two direct-product decompositions

G = H1 × . . .×Hn = H ′1 × . . .×H
′
n

of G [9, at the end of Section 4] is diagonal: ψH ′1,H1 . . . 0
...

. . .
...

0 . . . ψH ′n,Hn

 .

Since ϕ is a central automorphism, it is a normal automorphism [19,
3.3.6], namely, a G-group automorphism of the G-group G. It
follows now easily that all the morphisms

ϕi := ψH ′n,Hn : Hi → H ′i

are G-isomorphisms. The converse is now easy. ut

As an example of the situation studied in this section, we can take
as our group P the semidirect product

(U1,1 ⊕ . . .⊕Un,n)oG,

where the multiplicative group G and the additive groups

Ui,j (i, j = 1, 2, . . . ,n)

are those of the example constructed in Section 2. The group G acts
on the groups Ui,j via left multiplication. Thus in

P := (U1,1 ⊕ . . .⊕Un,n)oG

the operation is defined by

(h1, . . . ,hn, g)(h ′1, . . . ,h ′n, g ′) = (h1 + gh
′
1, . . . ,hn + gh ′n, gg ′).

The normal P-subgroup U1,1 ⊕ . . . ⊕ Un,n of P decomposes in ex-
actly n! non-isomorphic ways as a direct product (direct sum) of
normal subgroups of P.

Notice that any indecomposable direct summand of a finite direct
sum of uniserial left R-modules is a uniserial submodule [18]. It
follows that, in the previous example, if H is any normal indecompos-
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able subgroup of P that is a direct summand of the normal subgroup

U1,1 ⊕ . . .⊕Un,n

of P, then H is uniserial as a P-group.

6 The G-set Hom(H,A)

We use the standard additive notation for the mappings between the
multiplicative groups H and A. Thus if f, f ′ : H → A are any two
mappings, then f+ f ′ : H→ A is the mapping defined by

(f+ f ′)(x) = f(x)f ′(x)

for every x ∈ H. If f and f ′ are group homomorphisms, then f+f ′

is a group homomorphism if and only if f(x) commutes with f ′(y)
for all x,y ∈ H, that is, if and only if the subgroups f(H) and f ′(H)
of A centralize each other. The identity endomorphisms and the triv-
ial homomorphisms will be denoted by id and 0, respectively, so
that id f = f id = f and f+ 0 = 0+ f = f. Thus, on the set Hom(H,A),
there is a partially defined operation +, as follows. Set

S := { (f, f ′) ∈ Hom(H,A)×Hom(H,A) | [f(H), f ′(H)] = 1 }

and, for every (f, f ′) ∈ S, set

(f+ f ′)(h) = f(h)f ′(h)

for every h ∈ H. Then we have a mapping +: S→ Hom(H,A).
Let G and A be groups and let H be a G-group. Let

λg : H→ H

denote left multiplication by g for every g ∈ G. Consider the
set Hom(H,A) of all group morphisms of H into A. Then Hom(H,A)
becomes a G-set if we define as left scalar multiplication the mapping

· : G×Hom(H,A)→ Hom(H,A)

defined by gf = f ◦ λg−1 for every g ∈ G, f ∈ Hom(H,A).
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For every f ∈ Hom(H,A), the subgroup f(H) of A is a G-group in
a natural way, and we say that the morphism f is G-uniserial if f(H)
is a uniserial G-group. Thus a morphism f : H → A is G-uniserial
if and only if for every h,h ′ ∈ H there exists g ∈ G such that ei-
ther f(gh) = f(h ′) or f(gh ′) = f(h).

Recall that ifN1,. . . ,Nn are normal proper subgroups of a groupH,
then N1, . . . ,Nn are said to be coindependent if

Ni

( ⋂
j6=i

Nj

)
= H

for every i = 1, 2, . . . ,n. Equivalently, if the canonical mapping

H→ H/N1 × . . .×H/Nn, h 7→ (hN1, . . . ,hNn),

is an onto mapping [9, Lemma 3.7].

We say that a finite family f1, . . . , fn : H → A of group morphisms
is independent if:

(1) fi 6= 0 for every i = 1, 2, . . . ,n;

(2) the finite family of subgroups fi(H) of A is independent (that
is, if the subgroup of A generated by

f1(H)∪ . . .∪ fn(H)

is the direct product f1(H)× . . .× fn(H));

(3) the normal subgroups ker f1, . . . , ker fn of H are coindependent.

Notice the analogy between this notion of independent finite fam-
ily of morphisms H→ A and the notion of complete family of orthog-
onal idempotents in End(H). For any group H, there is a bijection be-
tween the set of all n-tuples (H1, . . . ,Hn) of normal subgroups of H
with H = H1 × . . . × Hn and the set of all n-tuples (e1, . . . , en) of
normal endomorphisms of H with e1 + . . .+ en = idH and eiej = 0
for i 6= j [19, 3.3.3]. Any family e1, . . . , en of non-zero normal en-
domorphisms of H with e1 + . . .+ en = idH and eiej = 0 for i 6= j
is clearly independent. Conversely, it follows from the next Lemma
that if e1, . . . , en is an independent family of endomorphisms of H
with e1 + . . .+ en = idH, then H = e1(H)× . . .× en(H).
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Lemma 6.1 If f1, . . . , fn : H → A is an independent family of group
morphisms, then:

(a) The sum f1 + . . .+ fn : H→ A is a group morphism.

(b) The image of f1 + . . .+ fn is f1(H)× . . .× fn(H).

Proof — Statement (a) easily follows from condition (2) of the def-
inition of independent family. For (b), the image of the morphism

f1 + . . .+ fn

is contained in the subgroup of A generated by the union

f1(H)∪ . . .∪ fn(H),

which is equal to f1(H)×. . .×fn(H).
Conversely, let a be an element in f1(H)× . . .× fn(H), so that

a = f1(h1) . . . fn(hn)

for suitable h1, . . . ,hn ∈ H. Since the kernels are coindependent,
there exists h ∈ H such that h ≡ hi (mod ker fi) for every i = 1, . . . ,n.
Thus fi(h) = fi(hi) for all indices i. Therefore

a = f1(h1) . . . fn(hn) = f1(h) . . . fn(h) =

(f1 + . . .+ fn)(h) ∈ (f1 + . . .+ fn)(H). ut

Remark 6.2 In our previous paper [2], we stressed the several analo-
gies and the differences between the categories R-Mod and G -Grp,
for instance the analogies between the regular objects RR and GG.
One of the differences concernes idempotents endomorphisms.
Namely, if RM is a left module and E := End(RM) is its endomor-
phism ring, then there is a one-to-one correspondence ϕ between the
set I of all idempotent elements of E and the set

{(A,B) | A,B 6 RM, RM = A⊕B}

of all pairs (A,B) of submodules of RM whose sum is direct and
equal to RM. If e ∈ I, the corresponding pair is

ϕ(e) = (ker e, e(RM)).
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The analogous result in the category Grp of groups is the follow-
ing. Let H be a group and I be the set of all idempotent endomor-
phisms of H. There is a one-to-one correspondence ϕ between I and
the set

{(A,B) | A,B 6 H, H = AoB}

of all pairs (A,B) of subgroups of H such that H is the semidirect
product of its normal subgroup A and its subgroup B. If e ∈ I, the
corresponding pair is ϕ(e) = (ker e, e(H)).

If I ′ is the set of all idempotent normal endomorphisms of H, then
the one-to-one correspondence ϕ of the previous paragraph restricts
to a one-to-one correspondence between I ′ and the set

{ (A,B) | A,B 6 H, H = A×B }

of all pairs (A,B) of normal subgroups of H such that H is the direct
product of its normal subgroups A and B.

Now let G be a group and H be a G-group. If e : H → H is an
idempotent G-group endomorphism, then both the kernel and the
image of e are G-subgroups of H and H = ker eo e(H). Thus the cor-
respondence ϕ restricts to a one-to-one correspondence between the
set of all idempotent endomorphisms of H in G -Grp and the set of
all pairs (A,B) of G-subgroups of H such that H is a semidirect prod-
uct (as a group) of its normal subgroup A and its subgroup B.

In the particular case of a group P and a normal subgroup H
of P, if e : H → H is an idempotent P-normal endomorphism, then
both the kernel and the image of e are normal subgroups of P
and H = ker e× e(H). Thus the correspondence ϕ restricts to a one-
to-one correspondence between the set of all idempotent P-normal
endomorphisms of H and the set of all pairs (A,B) of normal sub-
groups of P such that H is a direct product H = A×B (direct product
as a group).

Let G and A be groups and let H be a G-group. We say that

f, f ′ ∈ Hom(H,A)

belong to the same monogeny class, and write [f]m = [f ′]m, if
the G-groups f(H) and f ′(H) belong to the same monogeny class.
Equivalently, if there exist an injective group morphism

α : f(H)→ f ′(H)
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and an injective group morphism β : f ′(H) → f(H) such that the dia-
grams

H

f

}}{{
{{
{{
{{

f ′

""D
DD

DD
DD

D

f(H)
α // f ′(H)

and

H

f ′

||zz
zz
zz
zz

f

!!C
CC

CC
CC

C

f ′(H)
β // f(H)

commute. Dually for f, f ′ ∈ Hom(H,A) in the same epigeny class.
Finally, we say that f, f ′ ∈ Hom(H,A) are equivalent, and write f∼f ′,

if the G-groups f(H) and f ′(H) are isomorphic, that is, if there exists
a group isomorphism γ : f(H)→ f ′(H) which makes the diagram

H

f

}}{{
{{
{{
{{

f ′

""D
DD

DD
DD

D

f(H)
γ // f ′(H)

commute.

Theorem 6.3 Let G and A be groups and let H be a G-group. Suppose
either A abelian or H abelian. Let f1, . . . , fn and f ′1, . . . , f ′t be two indepen-
dent families of G-uniserial morphisms in Hom(H,A). Then

f1 + . . .+ fn ∼ f ′1 + . . .+ f
′
t

if and only if n = t and there exist two permutations σ and τ of {1, 2, . . . ,n}
such that [fi]m = [f ′

σ(i)]m and [fi]e = [f ′
τ(i)]e for every i = 1, 2, . . . ,n.

Proof — Set f := f1 + . . . + fn and f ′ := f ′1 + . . . + f
′
t. We have

that f ∼ f ′ if and only if the G-groups f(H) and f ′(H) are isomorphic.
Since the families are independent, we know that

f(H) = f1(H)× . . .× fn(H)

and f ′(H) = f ′1(H) × . . . × f
′
t(H) (Lemma 6.1), where these direct-

product decompositions are direct-product decompositions in the
abelian category Ab(G -Grp). Thus f ∼ f ′ if and only if the direct
products f1(H)×. . .×fn(H) and f ′(H) = f ′1(H)× . . .× f

′
t(H) of unis-

erial abelian G-groups are isomorphic. It is now easy to conclude
from Theorem 3.1. ut
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The most interesting case of G-set Hom(H,A) is when H=G [A, as
follows. The construction of the G-group G [A has been studied with
deep results in [3, pp. 245–248], [4, p. 45], [15, p. 2571] and [16], and
the properties we present here are taken from those four articles.
Let G and A be any two groups and let G ∗A be their free product.
The identity morphism idG : G→ G and the trivial morphism

0 : A→ G

define a group morphism idG ∗0 : G ∗A → G. Let εG : G → G ∗A be
the canonical embedding of G into the free product, so that we get
a G-semidirect product (pointed object)

G
εG−→ G ∗A idG ∗0−→ G.

Let G [A be the kernel of idG ∗0 : G ∗A → G. Then G ∗A splits as a
semidirect product G ∗A = (G [A)oG. The group morphism

idG ∗0 : G ∗A→ G

maps a word
g1a1g2an . . . gnan ∈ G ∗A

to
g1g2 . . . gn

. Thus G [A consists of all words

g1a1g2an . . . gnan ∈ G ∗A

with g1g2 . . . gn = 1G. By induction on n, it is easy to see that a
word g1a1g2an . . . gnan ∈ G ∗A is in G [A if and only if it can be
written as a product of finitely many words of the form

gag−1 (g ∈ G,a ∈ A).

In particular, G [A is a G-group (G acts on G [A via conjugation).

Every element of G [A can be written in a unique way as a product

(g1a1g
−1
1 )(g2a2g

−1
2 ) . . . (gnang

−1
n )

with gi 6=gi+1 for every i=1, . . . ,n−1 and ai 6= 1 for every i=1, . . . ,n.
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More precisely, G [A is the free product of |G| copies of A, as the
following proposition shows.

Proposition 6.4 Let G,A, L be groups. For every family of group mor-
phisms ψg : A→ L (g ∈ G), there exists a unique group morphism

ψ : G [A→ L

such that ψ(gag−1) = ψg(a) for every g∈G, a∈A.

Proof — If such a group morphism ψ exists, it is unique because
the elements gag−1 generate G [A. In order to show that ψ is
well defined, it suffices to notice that (gag−1)(ga ′g−1)=gaa ′g−1

and ψg(a)ψg(a ′) = ψg(aa ′). ut
If FG×A is the free group on the cartesian product G×A, there is

a canonical group epimorphism

FG×A → G [A, (g,a) 7→ gag−1,

whose kernel is the normal subgroup of FG×A generated by the sub-
set

{(g,a)(g,a ′)(g,aa ′)−1 | g ∈ G, a,a ′ ∈ A}

of FG×A (show by induction on n that if

(g1,a1)±1. . . (gn,an)±1 ∈ FG×A

is in the kernel, then (g1,a1)±1 . . . (gn,an)±1 belongs to the sub-
group generated by the elements (g,a)(g,a ′)(g,aa ′)−1).

As we have already said, G [A is a G-group. It has the following
property. If we fix any mapping ϕ : G→ End(A), we can apply Propo-
sition 6.4 to the groups G,A,A and the family of group morphisms

ϕ(g) : A→ A,

getting a unique group morphism ψ : G [A→ A such that

ψ(gag−1) = ϕ(g)(a)

for every g ∈ G, a ∈ A. Since G [A is the coproduct of |G| copies of A,
it is easily seen that this assignment ϕ 7→ ψ is a bijection

HomSet(G, End(A))→ HomGrp(G [A,A).
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Let λg : G → G denote left multiplication by g, for every g ∈ G.
Endow the set HomSet(G, End(A)) with a G-set structure defining as
left scalar multiplication the mapping:

· : G×HomSet(G, End(A))→ HomSet(G, End(A))

where gf = f ◦ λg−1 for every g ∈ G, f ∈ HomSet(G, End(A)). Then
the bijection above becomes a G-set isomorphism

HomSet(G, End(A)) ' HomGrp(G [A,A).

In this G-set isomorphism, the elements ϕ∈HomSet(G, End(A)) that
are group homomorphisms ϕ : G→ Aut(A) corresponds to the group
morphisms ψ ∈ HomGrp(G [A,A) such that the two diagrams

G [(G [A) �
� //

1 [ψ

��

G ∗G ∗A (G ∗G) [A

m [1
��

? _oo

G [A

ψ
��

G [A
ψ

// A

and
AN n

εA

||zz
zz
zz
zz idA

��?
??

??
??

?

G [A
ψ

// A

commute. The commutativity of the two diagrams expresses the fact
that the mapping ϕ : G → End(A) is a monoid morphism, i.e., pre-
serves multiplication and identity, respectively.

If ϕ : G → Aut(A) is any group morphism, so that we have a G-
group structure on A, then the G-group A is a homomorphic image
of the G-group G [A. In fact, the corresponding ψ : G [A → A, de-
fined by ψ(gag−1) = ϕ(g)(a) for every g ∈ G, a ∈ A, is a G-group
epimorphism.

Now suppose that G is a group and A is an abelian G-group that
is a direct product A = A1 × . . .×An of finitely many uniserial (or
biuniform) G-subgroups Ai. Let ψ : G [A → A be the correspond-
ing G-epimorphism and ei : A → A the idempotent endomorphisms
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corresponding to the direct-product decomposition

A = A1 × . . .×An.

Then f1 := e1ψ, . . . , fn := enψ is an independent family of mor-
phisms with f1 + . . .+ fn = ψ, and Theorem 6.3 applies.

7 Final remarks

We conclude this article with three remarks.

Remark 7.1 Let us recall a construction that appears in our previ-
ous paper [2, Section 2]. Let C be any category and M any monoid.
Define the category CM of all M-objects in C. It is the category
of all pairs (C,ϕ), where C is an object in C and ϕ : M→ End(C)
is a monoid morphism. There is a forgetful functor U : CM → C,
which associates to every object (C,ϕ) of CM the object C of C. If C
has M-indexed coproducts, the forgetful functor U : CM → C has a
left adjoint F : C → CM, which is defined on objects by F(C) =M ·C,
where M ·C is the M-indexed coproduct of |M| copies of C.

Now suppose that C hasM-indexed products. This occurs whenM
is a group G and C = Grp, where, for any family of groups Hg in-
dexed by the elements g of G, the M-indexed product is the direct
product of the groups Hg. The forgetful functor U : CM → C then
also has a right adjoint L : C→ CM. The functor L is defined on ob-
jects by L(C) = (CM,ϕ), where CM is the M-indexed product of |M|

copies of C, and ϕ:M→ End(CM) is constructed as follows. For ev-
ery m ∈ M, let πm : CM → C be the projection. Now if m ∈ M is
fixed and we consider the family of morphisms

fm ′ := πm ′m:CM → C, m ′∈M,

we get a unique morphism f := ϕ(m) : CM → CM such that

πm ′ϕ(m) = πm ′m

for every m ′ ∈M. Thus we get a mapping

ϕ : M→ End(CM)
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such that
πm ′ϕ(m) = πm ′m

for every m,m ′ ∈M, and it is easily checked that ϕ is a monoid
morphism.

The action of L on the morphisms of C is defined as follows. Let C
and C ′ be two objects in C and α : C → C ′ be a morphism. Consi-
der L(C) = (CM,ϕ) and L(C ′) = (C ′M,ϕ ′). For each m ∈M, let

πm : CM → C and π ′m : C ′
M → C ′

be the projections. Given the family of morphisms

αm = α ◦ πm : CM → C ′,

L(α) is the unique morphism L(α) : CM → C ′M such that

π ′mL(α) = αm = απm

for every m ∈M, so

ϕ ′(m)L(α) = L(α)ϕ(m)

for every m ∈M, i.e., L(α) is a morphism L(C)→ L(C ′) in CM.
Thus the forgetful functor U : CM → C has both a right adjoint

and a left adjoint, provided that C has M-indexed coproducts and
products.

We can apply this construction to the category C = Ab of abelian
groups, which has arbitrary products and coproducts, and to an arbi-
trary monoid M. Then the category AbM is clearly equivalent to the
category ZM-Mod, so that it is easy to adapt Theorem A to this case
of the category of all M-objects in Ab.

Notice that the Ω-groups considered in [19, 3.3.6] are exactly the
objects of the category CM, where M is the free monoid on the set Ω
and C is the category Grp.

Remark 7.2 A behaviour similar to that studied in this paper takes
place in the setting of Hopf algebras [2, Subsection 4.2]. Let k be a
field fixed once and for all. Let (A,mA,uA,∆A, εA, SA) be a Hopf
algebra. Recall that a Hopf algebra

(M,mM,uM,∆M, εM, SM)
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is a left A-module Hopf algebra [2, Definition 4.2] if

(a) M is a left A-module, i.e., a left module over the alge-
bra (A,mA,uA), via

A⊗M→M, a⊗ x 7→ a · x.

(b) mM,uM,∆M and εM are left A-module morphisms.

Let A -ModH be the category of all left A-module Hopf algebras.
Here the morphisms are the mappings that preserve both the
left A-module structure and the Hopf algebra structure. For
any G-group H, the group algebras kG and kH are Hopf algebras and,
extending by k-bilinearity the left scalar multiplication G×H→ H to
a left scalar multiplication kG⊗ kH → kH, the group algebra kH be-
comes a left kG-module Hopf algebra. Now the category of commu-
tative and cocommutative Hopf algebras is an abelian category ([20,
Corollary 4.16], or [17, Theorem 4.3]). More generally, the category
of cocommutative Hopf algebras over a field of characteristic zero is
semi-abelian [11], and the abelian objects in this semi-abelian cate-
gory are the commutative and cocommutative Hopf algebras [21]. It
would be therefore natural to restrict our attention to commutative
and cocommutative Hopf algebras and consider, for a fixed Hopf al-
gebra A, the left A-module Hopf algebras M that are commutative
and cocommutative, seeing if a weak form of the Krull-Schmidt The-
orem holds in this case. Notice that if M,M ′ are commutative and
cocommutative Hopf algebras, then the sum of two morphisms

f, f ′ ∈ Hom(M,M ′)

is given by the convolution product ∗ defined by

(f ∗ g)(x) = mM ′ ◦ (f⊗ f ′)(∆Mx)
for all x ∈ M. Also notice that monomorphisms in the category of
cocommutative Hopf algebras are injective mappings, epimorphisms
are surjective mappings and coproducts are tensor products over the
base field [20, proof of Theorem 4.4]. For instance, from our example
in Section 2, we get n2 Hopf algebras kUi,j, i, j = 1, . . . ,n, which are
left kG-module Hopf algebras, such that

kU1,1 ⊗ kU2,2 ⊗ . . .⊗ kUn,n
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' kUσ(1),τ(1) ⊗ kUσ(2),τ(2) ⊗ . . .⊗ kUσ(n),τ(n)

as left kG-module Hopf algebras for every pair of permutations σ, τ
of {1, 2, . . . ,n}. For every i, j, k, ` = 1, 2, . . . ,n, we have that

[kUi,j]m = [kUk,`]m

if and only if i = k, and [kUi,j]e = [kUk,`]e if and only if j = `.

Remark 7.3 There are versions of the Weak Krull-Schmidt Theorem
not only for biuniform modules, but also for several other classes of
modules, like cyclically presented modules over a local ring [1], or
kernels of morphisms between indecomposable injective modules [8].
For the general categorical pattern, see [10], and for a survey about
these topics, see [7]. For instance, let us describe the behaviour of
kernels of morphisms between indecomposable injective modules.

For a right module AR over a ring R, let E(AR) denote the injective
envelope of AR. Two modules AR and BR are said to have the same
upper part, denoted by [AR]u = [BR]u, if there exist a morphism

ϕ : E(AR)→ E(BR)

and a morphism
ψ : E(BR)→ E(AR)

such that ϕ−1(BR) = AR and ψ−1(AR) = BR.

Theorem 7.4 (Weak Krull-Schmidt Theorem [8])
Let

ϕi : Ei,0 → Ei,1(i = 1, 2, . . . ,n)

and
ϕ ′j : E

′
j,0 → E ′j,1 (j = 1, 2, . . . , t)

be n + t non-injective morphisms between indecomposable injective right
modules Ei,0,Ei,1,E ′j,0,E ′j,1 over an arbitrary ring R. Then the direct
sums ⊕ni=0 kerϕi and ⊕tj=0 kerϕ ′j are isomorphic R-modules if and only
if n = t and there exist two permutations σ, τ of {1, 2, . . . ,n} such that

[kerϕi]m = [kerϕ ′σ(i)]m and [kerϕi]u = [kerϕ ′τ(i)]u

for every i = 1, 2, . . . ,n.

It is therefore possible to modify the results in this paper substi-
tuting biuniform and uniserial modules with these kernels of mor-
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phisms between indecomposable injective modules, getting very sim-
ilar results.
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