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Abstract
It is proved that a group which is the product of pairwise permutable abelian sub-
groups of finite Prüfer rank is hyperabelian with finite Prüfer rank; in the periodic
case the Sylow subgroups of such a product are described. Furthermore, if G = ABC
is such a non-periodic product with locally cyclic subgroups A, B and C, then
the Prüfer rank of G is at most 8. Moreover, G is soluble of derived length at most 4
and has Prüfer rank at most 6, if A ∩ B ∩ C = 1, and G has a torsion subgroup T
such that the factor group G/T is locally cyclic and the Sylow p-subgroups of T are
of Prüfer rank at most 2 for odd p and at most 6 for p = 2, otherwise.
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1 Introduction

Let the group G = AB be the product of two subgroups A and B,
i.e. G = {ab | a ∈ A,b ∈ B}. Then the subgroups A and B are per-
mutable, i.e. AB = BA, and the structure of G is strongly influenced

1 The second author likes to thank the Institute of Mathematics of the University
of Mainz for its excellent hospitality during the preparation of this paper
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by that of the factors A and B. For instance, if A and B are abelian,
then G is metabelian by a well-known theorem of N. Itô [1, Theo-
rem 2.1.1] and almost all known results concerning the structure of
the group G = AB with infinite abelian subgroups A and B are based
on this theorem.

In this connection it is natural to attempt to extend the theorem
of Itô to the case of groups of the form G = A1A2 . . . An with three
or more pairwise permutable abelian subgroups Ai, 1 6 i 6 n. How-
ever, it turned out that already in the case n = 3 such groups can
have a very complicated structure and in particular may contain
non-abelian free subgroups. Relevant examples were constructed by
the second author in [9], Lemma 2. Nevertheless, if the abelian sub-
groups Ai satisfy some finiteness conditions for instance are finitely
generated, Chernikov or minimax, then some meaningful results in
this direction were obtained.

In particular, Heineken and Lennox have shown in [5] that a
group G = A1A2 . . . An with pairwise permutable abelian sub-
groups Ai is polycyclic if the subgroups Ai are finitely generated.
Using this and Huppert’s theorem [6] about the supersolubility of fi-
nite groups factorized by pairwise permutable cyclic subgroups, they
derived also that every group factorized by finitely many pairwise
permutable cyclic subgroups is supersoluble and abelian-by-finite.
Later in [11] Tomkinson proved that the group G = A1A2 . . . An is
soluble minimax if the subgroups Ai are minimax and G is a locally
supersoluble Chernikov group if all Ai are locally cyclic Chernikov
subgroups. Some other results can be found in [1], Chapter 7.

The aim of the following is to extend these results to groups factor-
ized by abelian subgroups of finite Prüfer rank. In particular, we ex-
tend Tomkinson’s result about products of abelian minimax groups
to products of abelian groups of finite Prüfer rank and consider in
detail non-periodic groups factorized by three pairwise permutable
locally cyclic subgroups. It should be observed that the proofs of
these and similar results are based on the property that non-trivial
groups of the form G = AB with abelian subgroups A and B of fi-
nite Prüfer rank have a non-trivial normal subgroup contained in
one of the factors A or B (see [1], Theorem 7.1.2).

The notation is standard. In particular, if X and Y are subgroups
of a group G and n is a positive number, then 〈X, Y〉 is the subgroup
of G generated by X and Y, Xn is the subgroup of G generated by
all n-th powers of the elements of X, XY denotes the least Y-invariant
subgroup of G containing X, i.e. the subgroup of G generated by
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all conjugates Xy with y ∈ Y, and XY is the largest Y-invariant sub-
group of G contained in X, i.e. the intersection of all conjugates Xy

with y ∈ Y.

2 Preliminary lemmas

First we recall some known results concerning the structure of groups
factorized by two locally cyclic torsion-free subgroups (see [8], Theo-
rem).

Proposition 2.1 Let the group G = AB be the product of two locally
cyclic torsion-free subgroups A and B with A∩B = 1. Then, up to transpo-
sition of the factors A and B, one of the following statements holds:

1) G = Ao B is a semidirect product of A by B and the order of the
factor group B/CB(A) is at most 2;

2) G = AoB, CB(A) = 1 and B is cyclic;

3) G = (A0×B)〈a〉, A = A0〈a〉, a2 ∈ A0 and there exists a monomor-
phism φ : B→ A0 such that ba = b−1bφ for all b ∈ B;

4) G = (A0 × B0)〈a〉〈b〉, A = A0〈a〉 with a2 ∈ A0 and B = B0〈b〉
with b2 ∈ B0, where ba = a−1b−1, ab0 = a−10 and ba0 = b−10 for
all a0 ∈ A0 and all b0 ∈ B0.

As a direct consequence of this proposition we have the following.

Corollary 2.2 Let the group G = AB be the product of locally cyclic
torsion-free subgroups A and B. If A ∩ B = 1 and G does not satisfy state-
ment 2) of Proposition 2.1, then either all subgroups of A2 and B2 are
normal in G or, up to transposition of the factors A and B, the subgroup A2

is central in G and BG = 1.

The next lemma combines Lemmas 6 and 7 of [8].

Lemma 2.3 Let the p-group G = AB be the product of locally cyclic
subgroups A and B. If there exists a normal subgroup T of G such
that G = T oA = AB and A ∩ B = B ∩ T = 1, then either G is abelian, T
is locally cyclic and there exists a monomorphism φ : B → A such
that T = {b−1bφ | b ∈ B} or G is finite non-abelian with A = 〈a〉 of or-
der pm and one of the following statements holds:
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1) T = 〈x〉 is cyclic of order pn, B = 〈apm−n
x〉 and xa = x1+p

k
with

1 6 k < n;

2) p = 2, T = 〈x,y | x2
n−1

= y2 = (xy)2 = 1〉 is a dihedral group (in
particular, a four-group), B = 〈ay〉, xa = x1+2

k
with 2 6 k < n

and ya = xy;

3) p = 2, T = 〈x,y | x2
n−1

= 1, x2
n−2

= y2 = (xy)2 = 1〉 is a
generalized quaternion group, B = 〈ay〉, xa = x1+2

k
with 2 6 k <

n and ya = xy−1;

We recall also a well-known consequence of Schur’s theorem on
the finiteness of the derived subgroup of a group that is finite over
its center (see [7], Corollary to Theorem 4.12).

Lemma 2.4 If a group G contains a central subgroup Z such that the
factor group G/Z is locally finite, then the derived subgroup of G is locally
finite.

3 Products of abelian groups of finite Prüfer rank

The following result is a generalization of the theorem of Tomkinson
about groups factorized by abelian minimax subgroups mentioned
above.

Theorem 3.1 Let the group G = A1A2 . . . An be the product of finitely
many pairwise permutable abelian subgroups A1,A2, . . . ,An each of which
has finite Prüfer rank. Then G is a hyperabelian group of finite Prüfer rank.
Proof — Indeed, if n = 2 then G is metabelian by Itô’s theorem and
if G 6= 1 there exists a non-trivial normal subgroup N of G contained
in A1 or A2 (see [1], Theorem 7.1.2). In the case n > 3 without loss
of generality we may assume that A2 contains a non-trivial cyclic
subgroup N which is normal in the subgroup A1A2. Then

NG = NA3...An 6 A2 . . . An

and soNG is a hyperabelian normal subgroup of finite Prüfer rank by
induction on n. Therefore NG has a non-trivial abelian normal sub-
group M which is either finite or torsion-free. If M is finite, then the
normal closure MG is periodic and hypercentral, so that its center Z
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is a non-trivial abelian normal subgroup of G. In the other case, M
is torsion-free of rank r contained in the r-th hypercenter of NG by a
theorem of Charin (see [7], Lemma 6.37). Therefore the center of NG

may be taken as Z. Passing now to the factor group G/Z and repeat-
ing the same arguments, we obtain that G is a hyperabelian group.
Since the subgroup A2 . . . An has finite Prüfer rank by induction
on n, the Prüfer rank of G = A1(A2 . . . An) is finite by [1], Theo-
rem 4.3.5. ut

As an application, we describe the Sylow subgroups of periodic
groups factorized by finitely many pairwise permutable abelian sub-
groups of finite Prüfer rank. It should be noted that the groups them-
selves need not be soluble (see [1], Proposition 7.6.3, or [9], Corol-
lary 1).

Lemma 3.2 Let the periodic group G = A1A2 . . . An be the product of
finitely many pairwise permutable abelian subgroups A1,A2, . . . ,An each
of which has finite Prüfer rank. If Pi is the Sylow p-subgroup of Ai and Qi
is the p-complement to Pi in Ai for each 1 6 i 6 n and a prime p,
then P1P2 . . . Pn is a Sylow p-subgroup of G and Q1Q2 . . . Qn is a p-
complement to P1P2 . . . Pn in G.
Proof — If n = 2, the lemma is a special case of [4], Proposition 2.6.
Therefore PiPj = PjPi and QiQj = QjQi for every 1 6 i 6= j 6 n.
Thus P = P1P2 . . . Pn and Q = Q1Q2 . . . Qn are subgroups of G.
Moreover, since G is a hyperabelian group by Lemma 3.1, P is a p-sub-
group and Q is a p ′-subgroup by [1], Corollary 3.2.7. By induction
on n, we may assume that R = P1P2 . . . Pn−1 is a Sylow p-subgroup
of A1A2 . . . An−1 and S=Q1Q2 . . . Qn−1 is a p-complement to R
in A1A2 . . . An−1. Then A1A2 . . . An−1 = RS and so

G = RSAn = R(SQn)Pn = RQPn.

Therefore, if Gp is a Sylow p-subgroup of G containing P, then

Gp = RQPn ∩Gp = R(Q∩Gp)Pn = RPn = P.

Similarly, if Gp ′ is a Sylow p ′-subgroup of G containing Q, then

Gp ′ = SRAn ∩Gp ′ = SPQn ∩Gp ′ = S(P ∩Gp ′)Qn = SQn = Q.

Since G has finite Prüfer rank, we have G = PQ by Corollary 3.1.6
of [3]. ut
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For groups G = ABC factorized by three pairwise permutable
abelian subgroups A, B and C of rank 1 more can be said. The next
two lemmas consider in more detail the structure of the Sylow sub-
groups of some periodic groups of this form which will be needed
later.

Lemma 3.3 Let the p-group G = ABC be the product of three pair-
wise permutable locally cyclic subgroups A, B and C. If there exists a
normal subgroup T of G such that the factor group G/T is locally
cyclic and A∩ T = B∩ T = C∩ T = 1, then up to a permutation of the
factors A, B and C we have T = PQ with P = AB∩ T and Q = AC∩ T .

Proof — Since G/T is a locally cyclic p-group, without loss of gen-
erality we may assume that AT > BT > CT . Then G = ABC = AT , so
that

AP = A(AB∩ T) = AB and AR = A(AC∩ T) = AC.

This implies

A(PQ) = (AP)Q = (AB)Q = (BA)Q = B(AQ)

= B(AC) = ABC = G

and hence T = (A∩ T)(PQ) = PQ, as desired. ut

Lemma 3.4 Let the periodic group G = ABC be the product of three
pairwise permutable locally cyclic subgroups A, B and C. If G contains
a normal subgroup T such that the factor group G/T is locally cyclic
and A∩ T = B∩ T = C∩ T = 1, then the Sylow p-subgroups of T are
of Prüfer rank at most 2 for odd p and at most 6 for p = 2.

Proof — For each prime p let Ap, Bp and Cp denote the Sy-
low p-subgroups of A, B and C, respectively. These subgroups are
pairwise permutable and Gp = ApBpCp is a Sylow p-subgroup of G
by Lemma 3.2. Since G is a hyperabelian group of finite Prüfer rank,
the intersection Tp = Gp ∩ T is a Sylow p-subgroup of T which is
normal in Gp. Clearly the factor group Gp/Tp is locally cyclic, so
that Gp satisfies the hypothesis of Lemma 3.3. Therefore among the
intersections ApBp ∩ Tp, ApCp ∩ Tp and BpCp ∩ Tp there are two P
and Q such that Tp = PQ. If p is odd, then P and Q are locally cyclic
by Lemma 2.3 and so the Prüfer rank of Tp does not exceed 2. In
the other case by the same lemma each of the 2-subgroups P and Q
is either locally cyclic or dihedral or generalized quaternion. Thus
the Prüfer rank of the subgroup Tp = PQ does not exceed 6, as
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follows from [2], Lemma 5.6, and [10], Lemma 3.3. ut

4 Non-periodic groups factorized by three locally
cyclic subgroups

We describe first the structure of groups factorized by two abelian
subgroups one of which is periodic and the other is locally cyclic
torsion-free.

Lemma 4.1 Let G = AB be the product of a periodic subgroup A and
a locally cyclic subgroup B. If the factor group A/AG is abelian and B is
torsion-free, then A/AG is of order at most 2.
Proof — Passing to the factor G/AG, we may assume that the sub-
group A is abelian. Then the derived subgroup G ′ of G is abelian
by Itô’s theorem. Furthermore, if T is a periodic normal subgroup
of G, then AT = A(B ∩ AT) = A and so T = 1. Therefore G ′ is
torsion-free and so the intersection B ∩ G ′ is contained in the cen-
ter of the subgroup BG ′. Clearly BG ′ = A1B with A1 = A ∩ BG ′.
If A1 6= 1, then B∩G ′ 6= 1 and so the factor group BG ′/B∩G ′ is peri-
odic. But then the derived subgroup of BG ′ is periodic by Lemma 2.4
and so trivial. Therefore the subgroup BG ′ is abelian and torsion-
free, so that A1 = 1. Hence G ′ 6 B and thus A induces on B a peri-
odic group of automorphims. Since the automorphism group of any
locally cyclic torsion-free group is embedded in the multiplicative
group of rational numbers, the order of A does not exceed 2, as
desired. ut

In the next two lemmas we consider a group G factorized by three
pairwise permutable locally cyclic torsion-free subgroups and deter-
mine conditions under which one of these subgroups contains a non-
trivial normal subgroup of G.

Lemma 4.2 Let G = ABC be the product of three pairwise permutable
locally cyclic torsion-free subgroups A, B and C. If AG = BG = CG = 1,
then none of the subgroups AB, AC and BC satisfies statement 2) of Propo-
sition 2.1.
Proof — Suppose the contrary and assume that the subgroup AB
satisfies this statement. Then AB = Ao B, CB(A) = 1 and the sub-
group B is cyclic. Therefore A is non-cyclic and AC = 1, because
otherwise

(AC)
G = (AC)

ACB = (AC)
B 6 A,
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contrary to the hypothesis of the lemma. Thus the subgroup C2 is
central in AC by Corollary 2.2 and so AC = (C2 ×A)〈c〉 with c ∈ C
and ac = a−1aφ for each a ∈ A and some monomorphism φ :A→C2
by Proposition 2.1. Hence the subgroup C is non-cyclic and

C2G = C2ACB = C2B

is contained in C and normal in G. Thus C2B = 1 and so CB = 1.
For the above reason BC = (B2 ×C)〈b〉 with b ∈ B and cb = c−1cψ

for each c ∈ C and some monomorphism ψ : C → B2. Since the
subgroup C is non-cyclic and B is cyclic, this gives a contradiction
and completes the proof. ut

Lemma 4.3 Let G = ABC be the product of three pairwise permutable
locally cyclic torsion-free subgroups A, B and C. If none of these subgroups
contains a non-trivial normal subgroup of G, then

A∩B = A∩C = B∩C = 1

and the subgroups A2, B2 and C2 generate a maximal abelian normal sub-
group of G.
Proof — If AG = BG = CG = 1, then A ∩ B ∩C = 1 and so one of
the intersections A∩ B, A∩C or B∩C must be trivial. Clearly, up to
a permutation of the factors A, B and C, we may assume A ∩ B = 1.
In accordance with Lemma 4.2 and Corollary 2.2, the subgroup AB
satisfies one of the following two conditions: either all subgroups
of A2 and B2 are normal in AB or, up to transposition of the factors A
and B, the subgroup A2 is central in AB and BA = 1.

If in the first case one of the subgroups A2C or B2C is normal in AC
or BC, respectively, then it is normal in G, contrary to the assumption.
Therefore AC = BC = 1 and so the subgroup C2 must be normal in
both AC and BC by Corollary 2.2. But then C2 will be normal in G,
contrary to the condition CG = 1.

Consider now the case when the subgroup AB satisfies the second
condition, i.e. the subgroup A2 is central in AB and BA = 1. Then
the subgroup A2C is central in AB and so normal in G. As AG = 1,
it follows that AC = 1 and in particular A ∩ C = 1. Therefore C2 is
central in AC by Corollary 2.2 and hence the subgroup C2B is normal
in G. Thus the condition CG = 1 implies CB = 1 and in particu-
lar B∩C = 1. As above, then B2 is central in BC and this means that
the subgroups A2, B2 and C2 are pairwise centralized and disjoint.
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Since each of the subgroups AB, AC and BC satisfies statement 3)
of Proposition 2.1, it follows that the subgroup A2 × B2 × C2 is a
maximal abelian normal subgroup of G, as desired. ut

The following two results describe the general structure of
non-periodic groups factorized by three pairwise permutable locally
cyclic subgroups. The first theorem concerns the case when the in-
tersection of these subgroups is trivial and the second theorem deals
with the situation when this is not so.

Theorem 4.4 Let the non-periodic groupG = ABC be the product of three
pairwise permutable locally cyclic subgroups A, B and C. If A∩B∩C = 1,
then G is a soluble group of derived length at most 4 and of Prüfer rank at
most 6.

Proof — Clearly in what follows we may assume that the sub-
group C is torsion-free. The proof is divided into several steps.

1) Consider first the case when the subgroup A is periodic and B
is torsion-free. Then the factor groups A/AC and A/AB are of or-
der at most 2 by Lemma 4.1 and so, up to a transposition, AB 6 AC.
Thus the subgroup AB is C-invariant which means that AB = AG
and AGBC is a subgroup of index at most 2 in G. Since the sub-
group BC is metabelian with Prüfer rank at most 3, the sub-
group AGBC is soluble with derived length at most 3 and has Prüfer
rank at most 4. Therefore G is soluble with derived length at most 4
and with Prüfer rank at most 5.

2) Next let the subgroups A and B be periodic. Then the factor
groups A/AC and B/BC are of order at most 2 by Lemma 4.1, so that
the subgroup 〈AC,BC〉 is of index at most 4 in AB. Since

〈AC,BC〉G = 〈AC,BC〉CAB = 〈AC,BC〉AB 6 AB,

the normal closure 〈AC,BC〉G is of index at most 4 in AB. There-
fore the factor group AB/〈AC,BC〉G is abelian and so the factor
group (AB)/(AB)G is of order at most 2 by Lemma 4.1. As above, this
implies that G is soluble of derived length at most 4 and its Prüfer
rank does not exceed 5.

3) We turn now to the case when the subgroups A and B are
torsion-free and A ∩ B 6= 1. Then A ∩ C = B ∩ C = 1 and one of
the subgroups A, B or C contains a non-trivial normal subgroup
of G by Lemma 4.3. But if one of the subgroups AG or BG is non-
trivial and, for instance, AG 6= 1, then the images of A and B in the
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factor group G/AG are periodic and the image of C modulo AG is
torsion-free. Therefore it follows from step (2) that the normal sub-
group (AB)G has index at most 2 in AB and so G is soluble of derived
length at most 4. On the other hand, if CG 6= 1, then the image of C in
the factor group G/CG is periodic and the images of A and B mod-
ulo CG are torsion-free. It was shown by step (1), that C/CG is of
order at most 2 and so the subgroup ABCG is of index at most 2 in G.
Thus the derived length of G does not exceed 4 and the Prüfer rank
of G is at most 5, as in (1).

4) Finally, if A and B are torsion-free and A∩B = A∩C = B∩C = 1,
then either at least one of the subgroups A, B or C contains a non-
trivial normal subgroup of G or A2 × B2 × C2 is an abelian normal
subgroup of G. If for instance AG 6= 1 in the first case, then the factor
group A/AG is periodic and so the factor groups A/AC and A/AB
are of order at most 2 by Lemma 4.1. Repeating arguments from
step 1), we conclude that the group G is soluble with derived length
at most 4 and with Prüfer rank at most 5. In the second case the
factor group G/(A2 × B2 ×C2) is elementary abelian of order 8 and
so G is a metabelian group of Prüfer rank at most 6. ut

Theorem 4.5 Let the group G = ABC be the product of three pairwise
permutable locally cyclic torsion-free subgroups A, B and C. If

A∩B∩C 6= 1,

then G has a torsion subgroup T such that the factor group G/T is locally
cyclic and the Sylow p-subgroups of T are of Prüfer rank at most 2 for odd p
and at most 6 for p = 2. In particular, G is a hyperabelian group of Prüfer
rank at most 8.

Proof — Clearly the intersection D = A ∩ B ∩ C is a central sub-
group of G and the factor group G/D is the product of pairwise
permutable periodic locally cyclic subgroups A/D, B/D and C/D.
Hence G/D is a periodic hyperabelian group by Theorem 3.1. SinceD
is locally cyclic and torsion-free, the group G has torsion-free rank 1
and the derived subgroup of G is locally finite by Lemma 2.4. There-
fore the set of all elements of finite order of G is the torsion sub-
group T and the factor group G/T is torsion-free with torsion-free
rank 1, so that G/T is locally cyclic.

It is easy to see that the periodic factor group G/D satisfies the
hypothesis of Lemma 3.4. Indeed, if bars are used for denoting ho-
momorphic images in G/D, then T is a normal subgroup of G and the
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factor group G/T is locally cyclic, because it is isomorphic with G/T .
Furthermore,

A∩ T = B∩ T = C∩ T = 1,

since A ∩ T = B ∩ T = C ∩ T = 1. Finally, G = ABC is the product
of pairwise permutable locally cyclic subgroups, as was mentioned
above. Thus it follows from Lemma 3.4 that the Sylow p-subgroups
of T are of rank at most 2 for odd p and at most 6 for p = 2. Since T
is isomorphic to T , this implies that every finite subgroup F of T is
soluble and the Sylow subgroups of F are generated by at most 6
elements. Therefore F is at most 7-generated by a theorem of Ko-
vacs (see [1], Theorem 4.2.1), so that the Prüfer rank of T does not
exceed 7. As G/T is locally cyclic, the Prüfer rank of G is at most 8.ut

In conclusion, we mention two open questions about a group
G = ABC factorized by three pairwise permutable locally cyclic sub-
groups A, B and C.

Question 1. Is G locally supersoluble, provided that the group G is peri-
odic?

Question 2. Is G soluble if the subgroups A, B and C are torsion-free
and A∩B∩C 6= 1?
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