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Abstract

The aim of this work is to study the structure and sizes of conjugacy classes in certain
affine semi-linear groups. This provides a wealth of finite groups of small conjugate
rank that are solvable and non-nilpotent.
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1 Introduction

In this work we study the conjugacy classes of affine semi-linear
groups. These groups play an important role in the study of solv-
able linear groups and solvable permutation groups and have been
studied, for example, in [2]. Given a prime power q™, where q is a
prime and n > 1, Fqn will denote the finite field of size q™. We note
that Fgn is a cyclic group of order q™ — 1. Another component of
the structure of an affine semi-linear group is Gal(Fqn/Fq), which is
a cyclic group of order n, generated by the automorphism f of Fgn
defined by f(x) = x9. To construct an affine semi-linear group, we be-
gin with the action of Fgn on an via multiplication, giving rise to the

semidirect product F;rn x F¥n, which is a semi-linear group. Next, we

qn’
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will consider the natural action of Gal(Fqn/Fq) on F;rn x Fgn, which
gives rise to the affine semi-linear group

G= (lern x Fgn) x Gal(Fgqn /Fq)

with the following group multiplication:
xt,1)(y,s,0) = (x+t "yT L tsT 1o
(x,t,T)(y,s, 0) ( yt ,

In this paper we fully calculate the conjugacy classes of an affine
semi-linear group

G =(Ff

qp X sz) X Gal(FqP/Fq),

where p and q are primes, and our main results are Theorems 3.2
and 3.3.

Throughout this paper all groups are finite. If x is an element of a
group G, we denote by x© the conjugacy class of x in G. We use cs(G)
to denote the set of all conjugacy class sizes of G, and the conjugate
rank of G, crk(G), is given by crk(G) = |cs(G)|— 1. We also use N
and Tr to denote the norm and trace functions respectively.

2 Calculating the conjugacy classes in affine
semi-linear groups

We start off with the following lemma which facilitates the calcula-
tion of the conjugacy classes of G = (an x Fgn) x Gal(Fgn/Fq).

Lemma 2.1 F;rn is a normal subgroup of G = (Félrn x F2n) x Gal(Fgqn /Fq).
Proor — Let

(x,t,T) e G = (F:;n X F’an) x Gal(Fgn/Fq) and (y,1,1) € F:;n
be arbitrary elements. Then we have

(x,t,7)"! (y, 1,1)(x, t, 1)
=t (=)t Y, 1,1 t,1)
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= [T ()T +tYT, DT ) (%t 1)
= (£ (—X)T + YT+ X, 1,1) = (tyF,1,1)

which lies in an. O

Corollary 2.2  The finite group G = (F;rn x Fgn) x Gal(Fgn /Fq) has a
conjugacy class of size q™ — 1.

Proor — It follows by the proof of Lemma 2.1 that we have

(y, 1,1 ={((ty", 1, 1)t € Fin, T € Gal(Fgn /Fq)}.

Therefore if (0,1,1) # (y,1,1) € G = (Farn X F’an) x Gal(Fgn/Fq), then
we have
(Y, 1,1)€ ={(x,1,1)x € Fin).

The statement is proved. 0
Corollary 2.3 Let (x,t,7) and (y,v, o) be elements of
G = (an x Fgn) x Gal(Fqn/Fq)

that lie in the same conjugacy classes. Then (t,t) and (r, o) must be conju-
gate in Ff]n x Gal(Fgn/Fq). Also we must have T = o.

Proor — These follow from F;rn g (an % Fgn) x Gal(Fgn/Fq)
and Fj;n X Fan < (Ff;n X Fgn) x Gal(Fgn /Fq). 0

Remark 2.4 Let 0 € Gal(Fqn/Fq). Then |CGa1(Fqn/Fq)(‘7)| = n. This
follows from the fact that Gal(Fqn/Fq) is a cyclic group of order n.

Lemma 2.5 Let (A 0) € F’an x Gal(Fqn/Fq), where o is a generator
of Gal(Fqn /Fq). Then we have |CF’;n><1Gal(Fqn/Fq)(7\z o)l=n(qg—1).

PrROOF — Suppose
(A1,01) € Cr | xGal(Fyn /Fq) (A, 0))-
Therefore we must have

(}\1/ 01 )()\/ G) = (A/ 0-) ()\] ;01 )/
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which implies AjA%T ' = AAS, or equivalently, ATTAT = ATTAS
To count the number of elements (A1, 01) satisfying this equation, we
choose an element 07 € Gal(Fqn/Fq). Now if we consider the element

on the left hand side of the previous equation, namely A~ A ,itis
clear that this is an element of norm 1. Now we note that o is a gen-
erator of Gal(Fqn/Fq) and therefore by Hilbert’s theorem go (see The-
orem 7.6. in [1]), there exists Ay € Fn satisfying the aformentioned
equation. Furthermore, in the case of 07 = 1 the previous equation

simplifies to 1 = ?\?1?\?_]. In order for Aq to satisfy this equation it

has to be in the kernel of the an homomorphism t — t=1¢o ! , and
we know there are exactly q — 1 elements in the kernel of this ho-
momorphism, which is the same as the fixed field of 0. Considering
there are exactly n choices for o1, we get

ICF:  xGal(Fgn /Fq) (M 0N =10(q = 1).

The statement is proved. 0

Lemma 2.6 Let (A1) € F’an x Gal(Fqn /Fq). Then we have:
ICFr o xGal(Fgn /F) A 1l = (g7 = T)m

where m. is the size of the set {T € Gal(Fqn/Fq)AT = AL

PrROOF — Suppose an element (t, 1) € szn >4Ga](]:qn/Fq)()\, 1). There-

fore we must have
(}\1 1 ) (tl T) - (t/ T) (7\1 1 )/

and hence we get At = t?xT_], which implies A™ = A. Therefore we
have

Crs wxGal(Fgn /Fq) (A 1) = {(t, DIt € Frn, AT =)
and the result follows. O

Lemma 2.7 Lef (a,0),(b,0) € an x Gal(Fqn /Fq), where o is a genera-
tor of Gal(Fqn/Fq). Then (a, o) is conjugate to (b,oc) if and only
if N(a) = N(b).

Proor — The elements (a, o) and (b, o) are conjugate if and only if
there exists (t,T) € F’an x Gal(Fqn /Fq) such that

(t,7)" " (q, 0)(t,T) = (b, 0).
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Equivalently, we can say the elements (a, o) and (b, o) are conjugate
if and only if there exist

(t,T) € an x Gal(Fqn/Fq)

satisfying the equation (t! )T(tT)"_] =bla " Suppose there ex-
ists (t, 1) € Ff]n x Gal(Fgn/Fq) satisfying the equation

1

(t—1 )T(tT)Of — b(a—1 )T.

Then we note the the element on the left side of the equation, name-
ly (t! )T(tT)f] , has norm 1, and therefore we must have

N(b(a™ ")) =1,

which implies

Conversely, suppose we have N(a) = N(b). Let T = 1 € Gal(Fqn/Fq).
Therefore the equation

(t—1 )T(t’r)0‘7] — b(a—1 )T
simplifies to
(E®° =bla).
Since by assumption N(a) = N(b), it follows that N(b(a ') =1, and
hence by Hilbert’s theorem 9o, there exist t € Fn satisfying

—1

() =bla),

which implies (a, o) and (b, o) are conjugate. 0

Corollary 2.8 Suppose (a,0) € Fyn x Gal(Fqn/Fq), where o is a genera-
tor of Gal(Fqn/Fq). Then (a,0) is conjugate to (1,0) if and only
if N(a) =1.

Proor — This follows immediately from Lemma 2.7 together with
the fact that N(1) = 1. O

Corollary 2.9 Let p and q be primes. The semi-linear subgroup

H = Fip » Gal(Fgp /Fq)
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has conjugate rank 2 and, furthermore, cs(H) = {1,p, 9%}. The conju-
gacy class size of an element (A, o) lying in this subgroup of the affine
semi-linear group is summarized as follows:

A o || 10"
* P-1
qu #] gqj
F4 1 1

Proor — If
(}\, G) € FZp X Gal(FqP/Fq)

where o is a generator of Gal(Fqr/Fq), then it follows by Lemma 2.5
that the conjugacy class of (A, o) has Eqp_;;]l elements. Next, we con-
sider an element of the form (A, 1). It follows by Lemma 2.6 that if A
is an element of the base field, then the element (A, 1) would be a cen-
tral element; otherwise the centralizer of (A, 1) has qP — 1 elements
and hence the conjugacy class of this element has p elements. There-
fore the set of the conjugacy classes of (A, 0) € Fgp x Gal(Fqr/Fq)

is {1,p, . 0

Lemma 2.10 Let G = (F;rTL X F:‘]n) x Gal(Fgn/Fq) and let (0,A, o) € G.
Suppose o is a generator of Gal(Fqn/Fq). If A is an element of norm 1, we
have

|CG((OI}\/ O-))| - n(q - ])q/

otherwise we have
ICc((0,A, 0))=n(g—1).

ProOF — Suppose (a,A1,071) € Cg(0,A, o). Therefore we have
((1,)\] ;01 )(0/ 7\/ 0) = (O/)\/ G)(a/}W/ 01 )

which results in the following equations:

_ -1 —1 -1
a=A""a% , AA“ =AY and o070 = 00].
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This can be put as follows:

—1

Ccl((0,A,0) ={(a,Ar,01):a=A""a"
(A1,01) € CanxGal(Fqn/Fq)(}\/ o)}

and we note that the size of CF*HNGaI(FqH/Fq)(A, o) is calculated
q
in Lemma 2.5. It remains to calculate the number of elements a that

satisfy the equation a = A~ a® '. We note that a = 0 always satis-

fies the equation. Now if a # O then this equation could be rewritten

asA=a la% . Using Hilbert’s Theorem 9o, if A is an element of

norm 1, then there exists an element a satisfying this equation, and
in fact, using the same argument as in the proof of Lemma 2.5, it
follows that there are exactly q elements (the number of elements in
the fixed field of o) satisfying this equestion. On the other hand if
the norm of A is not equal to 1, then we must have a = 0 and this
completes the proof. 0

Corollary 2.11  Let G :(Fj;n x Fan) x Gal(Fqn/Fq) and let (0, 0) € G.
Suppose o is a generator of Gal(Fgqn/Fq). If A is an element of norm 1, we
have :
n— n__
0,2,0)6) = == 1)
q—1

7

otherwise we have
)G| _ qn(qn_1)

OI A/

070 p
Proor — This is an immediate consequence of Lemma 2.10, consid-
ering the fact that |G| =nq™(q™ — 1) 0

Lemma 2.12 Let G= (F;rn X an) x Gal(Fgn/Fq) and let (0,A,1) € G,
where A # 1. Then we have

ICc(0,A 1) = |C1D;n xGal(Fgn /Fq) (A 11

ProorF — If an element (a, b, 1) lies in the centralizer of (0,A, 1), we
must have a = 0 and (b, 1) € CF*nNGal(Fqn/Fq)(A/1)’ and the result
q

follows. O

Corollary 2.13 Let G:(an X an) x Gal(Fqn/Fq) and let (0,A, 1) € G,
where A # 1. Then we have:

1(0,A,1)6] = qm- ‘(A"I)FZnNGal(Fqn/Fq)}.
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Proor — This is just a rephrasing of the previous lemma. 0

As we observed earlier, it is possible for a conjugacy class of
Fgn @ Gal(Fqn/Fq)

to give rise to a single conjugacy class of G, or to split and give rise
to more than one classes of G. The following results are aimed at
determining whether a conjugacy class of an x Gal(Fgn/Fq) splits.

Lemma 2.14 Let G = (Farn X an) x Gal(Fqn/Fq) and let (a,1,0)
and (0,1,0) be elements of G where o is a generator of Gal(Fqn/Fq).
Then (a,1,0) and (0,1, o) are conjugate if and only if Tr(a) = 0.

ProorF — The elements (a,1,0) and (0,1,0) are conjugate if and
only if there exists (x,t,T) € G such that

(x,t,7)"10,1,0)(x,t,7) = (a,1,0).

This equation further simplifies to
(=0T + %, ), 0) = (a,1,0).

Therefore (a,1,0) and (0,1, 0) are conjugate if and only if there ex-
ist (x,t,T) € G such that

™ =1 and tT(—0)T+tXT | =a.
Suppose there exist (x,t,T) € G such that

(t_1)TtT‘771 =1 and tT(—x)T—i-thqu =a.

We note that it follows from (t—' )T’cT‘f1 — 1 that t* = t™ ', and

hence the equation

tT(_X)T +tTXTOf1 =a
is equivalent to —(tx)™ + ((tx)T)G_] = a. The element on the left side

of this equation, namely —(tx)™ + ((tx)™) o , has trace zero and there-
fore we must have Tr(a) = 0. Conversely suppose we have Tr(a) = 0.

Let t = 1 and T = 1. Then the equation (t! )TtT‘r] = 1 holds true
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trivially and the equation
tT(_X)T_’_tTXT671 —a

simplifies to —x + X = a Using the fact that Tr(a) = 0, Hilbert’s
theorem 9o guarantees that there exists x € Fqn that satisfies the
equation —X+XU_1 = a, and consequently, (a,1,0) and (0,1, 0) are
conjugate as desired. 0

Lemma 2.15 Let G = (an X Ff]n) x Gal(Fgqn/Fq) and let (a,1,0)
and (b,1,0) be elements of G where o is a generator of Gal(Fqn/Fq)
and Tr(a) #0. Then (a,1,0) and (b,1,0) are conjugate if and only
if Tr(b) # 0.

Proor — The elements (a,1,0) and (b, 1,0) are conjugate if and
only if there exists (x,t,T) € G such that

(x,t,7)" '(a,1,0)(x,t,7)=(b,1,0).

This equation is equivalent to

(T (—x) T +tTaT X, ()t o) = (b,1,0).

Therefore (a,1,0) and (b, 1, o) are conjugate if and only if there ex-
ists (x,t,T) € G such that

(t! )Tt“f] =1 and t%(—x)"+tTa"+ T — b,
Suppose there exists (x,t,T) € G such that
(t] )TtW” =1 and t7(—x)"+t"a"™+ tTxT ' — b,

Then it follows from (t~! )Tt“f] — 1 that t¥ = t™ ', and hence the
equation t*(—x)" +tTa™ + t™*® ' =b would be equivalent to

—(tx)" + ((tx)T)Gil =b—t"a".

The element on the left side of this equation has trace zero and
therefore we must have Tr(b —t"a™) = 0. Using the linearity prop-
erty of trace, and the fact that t* is an element of the base field, it
follows that Tr(b) = t*Tr(a). Since by assumption Tr(a) # 0, we
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have Tr(b) # 0 as desired. Conversely, suppose we have Tr(b) # 0.
Let t = Tr(b)/Tr(a) and T = 1. We note that not only is t an ele-
ment that lies in an, but also it lies in the base field. Hence the

equation (t~ )*tT"' =1 holds true trivially and the equation
()T tTaT X0 =b

simplifies to
B o1, Tr(a)
x+x” =b Tr(b)

We observe that the element on the right side of this equation has
trace zero and Hilbert's theorem 9o guarantees that there exi-
sts x € Fqn that satisfies the equation , and consequently, (a,1,0)
and (b, 1, o) are conjugate as desired. O

Corollary 2.16 Let G = (an x Fen) x Gal(Fqn /Fq) and let
(A, 0) € Fgn x Gal(Fgn/Fq).
Then we have:
(1) If 0 =1and A # 1, then the conjugacy class of (A, 1) would not split.

(2) If o is a generator of Gal(Fyqn/Fq), then the conjugacy of (A, o)
in F:k]n x Gal(Fgn/Fq) would split precisely when N(A) = 1.

Proor — (1) follows from Corollary 2.13. (2) follows from Corol-
lary 2.11. O

Remark 2.17 In the previous corollary, the case where o is not a
generator remains to be further investigated.

3 Main Results

Lemma 3.1 Let G = (ler]D x Fop) @ Gal(Fqr /Fq), where p and q are
primes. The size of the conjugacy class of an element (a,A, o) € G would
be as follows.
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a A o I(a,A, 0)C|
0 1 1 1
FZP 1 1 qr —1
Fgp Fq —{1} 1 qP
Fqr Fgp —Fq | 1 pqP
Tr(a) =0 | NA) =1 | #1 %
Tr(a) #0 | NA) =1 | #1 (q"—qqu%mp—n
For | NV #T | #1 aPla” 1)
Proor — Let (a,A,0) € G. We shall consider all possible scenarios

for this element and in each case will calculate the class size.
Case 1: 0 = 1. If A = 1, then the conjugacy class of

would split as follows:

1.1 The conjugacy class of (0,1,1), namely the identity element of
G, which has size 1.

1.2 The conjugacy class of (1,1, 1), which as we’ve seen in Corollary
2.2 has size qP — 1.

Next, suppose 1 # A € Fgp. Then by Corollary 2.16 the conjugacy
class of (A, 1) € sz x Gal(Fqr/Fq) would not split and therefore
by Corollary 2.9 we have the following two possibilities.

1.3 If A is an element of the base field (and A # 1), then the conju-
gacy class of (0,A, 1) has size qP.

1.4 If A is not an element of the base field, then the conjugacy class
of (0,A,1) has size pqP.

Case2: 0 # 1. We note that o will be a generator for Gal(Fqr/Fq).
In this situation the conjugacy class of (A, 0) € Fgp x Gal(Fgr/Fq)
would split depending on whether or not A is an element of norm 1.
More precisely, as we’ve seen in Corollary 2.11, if N(A) # 1 then the
conjugacy class of (A, o) would not split and if N(A) = 1 then the
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conjugacy class of (A, o) would split. We also take into account the
fact that by Corollary 2.9 in this situation the class of

(7\, G) € Ft]p X Gal(FqP/Fq)
has size 9;_;11. This could be summarized as follows:

2.1 If N(A) # 1 then the conjugacy class of (A, o) would not split,
and therefore using the conjugacy class of (0, A, o) has size

qP(qP —1)
q—1

2.2 If N(A) = 1 then the conjugacy class of (A, o) would split as
in Lemma 2.14 and Lemma 2.15 and we get two conjugacy

(aP—qP V) (qP—1) . q 9P '(aP=1)

classes of sizes q=T a1

The statement is proved. 0

Theorem 3.2 Let G = (FJ, x F5,) x Gal(Fap /F2), where p is a prime.
The set of conjugacy class sizes of G, namely cs(G), is as follows.

cs(G) ={1,2P —1,p2P, 2P~ 1 (2P — 1)}

Proor — This follows from Lemma 3.1 where q = 2. We note that
since q = 2, the cases 1.3. and 2.1., as in the proof of Lemma 3.1,
would not occur and we have to eliminate the corresponding class
sizes. O

Theorem 3.3 Let G = (FaﬂO X sz) x Gal(Fqr /Fq), where p and q are
primes and q # 2. The set of conjugacy class sizes of G, namely cs(G), is
as follows:

" '(q? 1) qP(q”—1) (¢ —qP~")(q" 1)
P_1 qP pqaP

{Lq 1,9%,pq", q—1 qa—1 q—1

Proor — The class sizes have all been calculated in the proof of
Lemma 3.1. O

Corollary 3.4 Let G = (ng x Fyp) x Gal(Fqp /Fq), where p and q are
primes. Then we have crk(G) < 6.
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Proor — As we observed in the previous corollary, the set of conju-
gacy class sizes of G is contained in the set:

P '(qP—=1) qP(qP —1) (qP —qP ")(qP —1)
P_1 4" paP
{1Iq 1/q Ipq/ q_-] Va q_] VA q_]

and therefore the are at most 6 nontrivial class sizes. O

Corollary 3.5 Let G = (Fzrp x F5p) x Gal(Fap /F2), where p is a prime.
Then G has conjugate rank 3.

Proor — As we observed in Theorem 3.2 the set of conjugacy class
sizes of G is cs(G) ={1,2P —1,p2P,2P~1(2P — 1)}, and it’s fairly easy
to observe that the elements of this set are always distinct. Hence we
have crk(G) = 3. O

Remark 3.6 Let G = (ng X F’ap) x Gal(Fqr /Fq), where p and q are
primes. Then as we’ve seen in Lemma 3.1 the identity element is the
only element of index 1, and hence Z(G) = 1. This implies G cannot
be nilpotent.

Example 3.7 Let n = q = 2. We note that IFII =4, |F;| =3 and
|Gal(F4/F2)| = 2.

Therefore
G = (F; x F;) x Gal(F4/F)

is a group of size 24. To be able to carry out the multiplication in G,
we need to have a clear understanding of multiplication and addition
within F4. First off we notice that two elements have to be 0 and 1,
and we call the other elements a and b. We know that the multi-
plicative group Fj is cyclic of order 3; hence we must have a? = b,
b2 = q, and ab = 1. Using the properties of a field we can also
check a+1=b,b+1=a,and a+b = 1. Suppose o is the gener-
ator of Gal(F4/F;); and we know the way o acts on any element is
by squaring that element. By Corollary 2.3 calculating the conjugacy
classes of (F}) x Gal(F4/F;) would facilitate the process of finding the
conjugacy classes of G. As it turns out, (F}) x Gal(F4/F;) is a non-a-
belian group of order 6 and has three conjugacy classes as follows:

e G ={(1,1)}
b CZ :{(ar1)r (b/1)}/
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b C3 = {(]/ G)r (0—; G)/ (b/ G)}

Next, using the above classes together with Corollary 2.3 and find-
ing the centralizer of elements deemed necessary, we can calculate
the conjugacy classes of G as follows.

C; gives rise to Dy and D;:

e D; :{(0/]/])}/
b Dz:{(11111)1(al]l1)l(bl]l])}'
C, gives us the following conjugacy class:

b D3 :{(O’ a/1)/(]/a/])l (al al])l (b/ al])l (olbl])l(]lbl])l (a/bl])/
(b, b, 1)}.

C3 generates the following two conjugacy classes:
b D4 = {(O/ ]/ O-)/ (]/ ]/ 0)/ (OI al ()—)I (bl a/ G)I (OI b/ 0-)/ (al b/ 0)};
b D5 :{(a/]lo—)l (b/]l()—)/(]/al G)l(al aIG)I(1IbIO—)/ (blb’ G)}'

Remark 3.8 According to GAP, the symmetric group S4 is the only
group of order 24 with the conjugacy class sizes {1, 3, 6, 8} and hence
we must have

(FI X FZ) x Gal (F4/F2) ~ S4.
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