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1 Introduction

Substantial efforts have been made to classify groups all of whose
proper subgroups have given properties. This type of research was
started by R. Dedekind [5], where he classified the finite groups with
all subgroups normal. More generally, other authors have considered
groups with all subgroups subnormal, one highlight being the theo-
rem of Mohres [23] that such a group is soluble. Further details con-
cerning groups with all subgroups subnormal can be found in [20]
and [19].
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In a different direction, G.A. Miller and H. Moreno [22] obtained
the structure of finite groups all of whose proper subgroups are
abelian, a work generalized by O.]. Schmidt [35] who showed that fi-
nite groups with all proper subgroups nilpotent are soluble. It is not
possible to extend this theorem to infinite groups since, as is well-
known, there are 2-generator infinite simple groups with all proper
subgroups abelian (see, for example, the book of A.Yu. Ol’shan-
skii [26]). On the other hand, one consequence of the amazing pa-
per [1] shows that an infinite locally graded group with all proper
subgroups nilpotent-by-Chernikov is necessarily soluble.

Many authors now are interested in groups in which only cer-
tain subgroups have some given property. Among the first results
of this type are those of Romalis and Sesekin [32, 33, 34] who dis-
cussed metahamiltonian groups—those groups with all non-abelian
subgroups normal. V.T. Nagrebetskij [24] and A.A. Mahnev [21] stud-
ied finite metahamitonian groups and indeed Nagrabetskij discussed
finite groups whose non-nilpotent subgroups are normal. However
the full description of metahamiltonian groups was obtained in a se-
ries of papers by N.F. Kuzenny and N.N. Semko (see [12, 13, 14, 15,
16, 17, 18]).

In order to broaden the discussion, Phillips and Wilson [27] stud-
ied a certain class of groups, containing the class of locally finite
groups, satisfying the minimal condition on non-serial, non-locally
nilpotent subgroups. This very interesting paper also included rele-
vant results (Theorem C(i) in particular) concerning groups with all
subgroups serial or abelian. Because of the existence of Tarski mon-
sters they restricted attention to groups G such that every finitely
generated non-nilpotent subgroup of G has a finite non-nilpotent
image. In a follow-up work, Bruno and Phillips [3] continued this
theme by considering groups whose non-normal subgroups are lo-
cally nilpotent. To conclude this short relevant history of the subject
we mention the papers of H. Smith [37, 36] who studied groups with
all non-subnormal subgroups nilpotent.

A more detailed idea of the structure of locally finite groups with
all subgroups abelian or subnormal was obtained in the paper [10],
where necessary conditions were obtained. In our current paper our
main results give necessary and sufficient conditions for a locally fi-
nite group to have all non-abelian subgroups serial. Of course, every
subgroup of a locally nilpotent group is serial (see [30, 12.4.4], for
example) and for locally finite groups the converse also holds. Thus
we may suppose, as is usually the case in [27], that our groups are
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not locally nilpotent. It is then a consequence of [27, Theorem C(i)]
that such a locally finite group with all non-abelian subgroups serial
is either centre-by-finite or Chernikov. It is easy to see that in the first
case the serial subgroups are subnormal and in the second case that
they are ascendant.

The proofs of the results are dependent upon whether or not the
Sylow p-subgroups are abelian for all primes p. It is therefore conve-
nient to list the results with this dichotomy in mind.

We shall use much of the terminology and notation of [29]. We
shall let 2 denote the class of abelian groups and we let 2(* denote the
class of locally finite groups with all non-abelian subgroups serial. In
Section 2 we give some preliminary results which are useful for the
rest of the paper. In Section 3 we consider 2*-groups which have a
non-abelian Sylow p-subgroup. The main result of this section is then
the following theorem whose proof depends heavily, as in much of
this work, on [10].

Theorem A Let G € 2A* and suppose that G has a non-abelian Sylow
p-subgroup P, for some prime p. Suppose that G is not locally nilpotent.
Then the following hold:

(i) G =P x Q, where Q is an abelian Sylow p’-subgroup of G;

(i) C = Cp(Q) is a G-invariant abelian subgroup of P such that P/C is
a finite G-chief factor;

(iii) G/Cg(P/C) is a cyclic p'-group;
(iv) P/C is a (g)-chief factor, for every element g ¢ Cg(P/C);

(v) P=CD, where D = [P, Q] is a non-abelian finite special p-subgroup
and |D/D’| > p?;

(vi) CND =D’ =((D) < ¢(G) and P is nilpotent of class at most 2;
(vii) D =[P, (g)] = [D, (g)], for every element g ¢ Cg(P/C);
(viii) Cg(D) = C x Cq(D/D’) is abelian.

Conwversely, if a group satisfies conditions (i)-(viii), then every non-abelian
subgroup of G is subnormal.

The case when all the Sylow subgroups are abelian is covered in
Section 4 and here we obtain the following result.
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Theorem B Let G € A%, suppose that the Sylow s-subgroups of G are
abelian for all primes s and that G is not locally nilpotent. Then the follow-
ing hold:

(1) There is a prime p such that G contains a normal p-subgroup P and
an abelian Sylow p’-subgroup Q such that G = P x Q;

(ii) [P, Q] is a minimal G-invariant subgroup and P = Cp(Q) x [P, QI;
(iii) G/Cg ([P, Q) is a cyclic p’-group;
(iv) [P, Ql is a minimal (g)-invariant subgroup of P for all g¢ Cs ([P, Q).

Conversely, if the group G also satisfies the conditions (i)-(iv) then every
non-abelian subgroup of G is normal.

In Section 5 we consider locally finite groups whose non-abelian
subgroups are permutable, a topic that has been discussed for locally
graded groups in [6], where the authors use the term metaquasihamil-
tonian. Here we give some more details concerning such groups. We
recall that a subgroup H of a group G is permutable in G if HK = KH
for all subgroups K of G. Every normal subgroup is permutable and
a result of Stonehewer [38] shows that permutable subgroups are al-
ways ascendant subgroups. We use Theorems A and B to obtain the
following descriptions of non-locally nilpotent, locally finite groups
whose non-abelian subgroups are permutable.

Theorem C Let G be a locally finite group whose non-abelian subgroups
are permutable. Suppose that G is not locally nilpotent and has a non-
abelian Sylow p-subgroup P for some prime p. Then the following hold:

(i) G =P x Q, where Q is an abelian Sylow p’-subgroup of G;

(ii) P = [P, Q] is a finite non-abelian p-subgroup of order p>; indeed, P
is either a quaternion group or P is a group of exponent p;

(iii) P’ = ¢(P) < C(G);
(iv) P/P’ is a G-chief factor of order p?;
(v) P/P’is a (g)-chief factor for all g ¢ Cg(P/P’);
(vi) G/Cg(P/P’) is a cyclic p’-group;
(vii) Cg(P) =P’ x Cg(P/P’) is abelian;
(viii) P =[P, (g)] for every element g ¢ Cg(P/P’).
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Conversely, if the group G also satisfies conditions (i)-(viii) then every non-
abelian subgroup of G is normal in G.

Our version of Theorem B with permutability in place of serial is
as follows.

Theorem D Let G be a locally finite group whose non-abelian subgroups
are permutable. Suppose that G is not locally nilpotent and that the Sylow
s-subgroups of G are abelian for all primes s. Then the following hold:

(1) There is a prime p such that G contains a normal p-subgroup P and
an abelian Sylow p’-subgroup Q such that G = P x Q;

(ii) [P, Ql is a minimal G-invariant subgroup and P = Cp(Q) x [P, QJ;

(iii) G/Cg ([P, Ql) is a cyclic p’-group;

(iv) [P, Ql is a minimal (g)-invariant subgroup of P for all g¢ C ([P, Q).
Conversely, if the group G also satisfies the conditions (i)-(iv) then every
non-abelian subgroup of G is normal.

Finally, in Section 6, we use these results to obtain the following
detailed description of non-locally nilpotent, locally graded groups
of 0-rank at least 2 whose non-abelian subgroups are permutable.

Theorem E Let G be a locally graded group whose non-abelian subgroups
are permutable. Suppose that G is not locally nilpotent and that the O-rank
of G is at least 2. Then G is a group of one of the following two types:
(I) G has the following properties

(In) G'is a finite minimal normal subgroup of G;

(Ib) G’ is an elementary abelian p-group for some prime p;

(Ic) Cg(G’) is abelian and G/Cg(G') is a cyclic p’-group;

(Id) G’ isaminimal (g)-invariant subgroup of G forall g ¢ Cg(G’).

(II) G has the following properties

(Ila) P = G’ has order p3 and is either a quaternion group or a group
of exponent p;

(IIb) P/P’ is a (g)-chief factor for each g ¢ Cg(P/P’);
(Ilc) P’ < (G);

(IId) G =P x Q, for some abelian subgroup Q;

(Ile) G/Cg(P/P’) is a cyclic p’-group;
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(Ilf) Cg(P) =P’ x Cq(P/P’) is abelian.

Conversely, if G is a group of type (I) or (1I) then every non-abelian sub-
group of G is normal.

In a future paper we hope to address the remaining case of groups
of 0-rank precisely 1. We note that in [6, Lemma 2.8] the authors
prove that a locally graded group of 0-rank at least 2 whose non-
abelian subgroups are permutable is finite-by-abelian.

2 Preliminary Results

In this preliminary section we shall obtain certain results which will
often be used in the sequel. First we note the following fact and give
its easy proof.

Lemma 2.1 Let G be a group whose non-abelian subgroups are serial. If L
is a normal non-abelian subgroup of G then every subgroup of G/L is serial.
In particular, if G/L is locally finite, then G/L is locally nilpotent.

Proor — Let H/L be a subgroup of G/L. Then H is non-abelian and
hence is serial in G, so there is a series 8§ from H to G. If S € §, then
the subgroups S/L comprise a series from H/L to G/L and the result
follows. O

Our next result is also easy to prove.

Lemma 2.2 Let G be a group whose non-abelian subgroups are serial and
let VaU < G be subgroups such that U/V is non-abelian. Then every
non-abelian subgroup of U/V is serial.

We shall often require information concerning Sylow subgroups
and here give a slight extension of [31, Lemma 1].

Lemma 2.3 Let G be a locally finite group, let 7 be a set of primes and
suppose that P is a serial m-subgroup of G. Then PS is a m-subgroup of
G. In particular, if P is a Sylow m-subgroup of G, then P = Ox(G) and is
precisely the set of m-elements of G.
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Proor — Let heP and let H be a finite subgroup of G containing h.
By [8], PN H is subnormal in H, so (PN H)H is a m-group. Hence
(MyH is a -group so (h)€ is also a 7-group. Therefore P is likewise
a m-group. In particular, if P is a Sylow 7-subgroup then P = PG =
Ox(G), as required. O

Lemma 2.4 Let G € 2*. If K, L are normal non-abelian subgroups of G
such that KNL =1 then G is locally nilpotent.

ProoF — By Lemma 2.1, G/K and G/L are both locally nilpotent.
Since G embeds in G/K x G/L it follows that G is locally nilpotent. O

Our next result shows that the Sylow subgroups are actually quite
restricted in structure and gives us a fundamental dichotomy that
exists in A*-groups.

Corollary 2.5 Let G € 2A*. If there are distinct primes p, q such that G
has a non-abelian Sylow p-subgroup and a non-abelian Sylow q-subgroup
then G is locally nilpotent.

Proor — Let P be a non-abelian Sylow p-subgroup of G and let
Q be a non-abelian Sylow g-subgroup of G. By Lemma 2.3, P, Q are
normal in G and G/P, G/Q are locally nilpotent, by Lemma 2.1. Since
PNQ = 1, Lemma 2.4 implies that G is locally nilpotent, as re-
quired. 0

Using the same argument as in Lemma 2.9 of [10] (where we note
that a serial subgroup of a finite group is subnormal) we also have

Lemma 2.6 Let G be an A*-group and suppose that G is not locally nilpo-
tent. Let p be a prime and suppose that A is a finite minimal normal abelian
p-subgroup such that G/A is locally nilpotent. Then A is a (g)-chief factor

for each g ¢ Cg(A).

Finally in this section we give a couple of structural results con-
cerning A*-groups which are not locally nilpotent. The first is imme-
diate from [27, Theorem C(i)].

Lemma 2.7 Let G € A* and suppose that G is not locally nilpotent.
Then G is abelian-by-finite.

Lemma 2.8 If G € A* and G is not locally nilpotent, then G is soluble.

Proor — By Lemma 2.7, G contains a normal abelian subgroup A
such that G/A is finite. Suppose, for a contradiction, that S is a non-
abelian simple factor of G/A. Then the proper subgroups of the finite
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group S are abelian and, by the theorem of Miller and Moreno [22]
mentioned in the introduction, S is soluble. This contradiction im-
plies that G is soluble. 0

3 The structure of 2*-groups with a non-abelian
Sylow p-subgroup

In this section we obtain necessary and sufficient conditions for a
non-locally nilpotent group G to be an 2*-group when G contains a
non-abelian Sylow p-subgroup for some prime p.

Lemma 3.1 Let G € A*, suppose that G is not locally nilpotent and that
G contains a non-abelian Sylow p-subgroup P for some prime p. Then P’ is
abelian.

Proor — We note that P is a normal subgroup of G by Lemma 2.3
and that P contains all p-subgroups of G. Let x,y € P’. Since G is
locally finite, there is a finite non-abelian subgroup P; of P such
that x,y € Pj. Similarly, since G is not locally nilpotent, there is
a finite subgroup H which is not nilpotent. Hence the finite group
K = (H,Pq) is also finite non-nilpotent and has the normal non-
abelian Sylow p-subgroup KN P. The non-abelian subgroups of K
are serial and hence subnormal in K. By [10, Lemma 3.1] we deduce
that (KNP)’ is abelian. However P; < (KNP)’ so that [x,y] = 1. It
follows that P’ is abelian. 0

Lemma 3.2 Let G € A* and suppose that G is not locally nilpotent.
Suppose that P is a non-abelian Sylow p-subgroup of G. Then P is normal
in G and G = P x Q where Q is an abelian Sylow p’-subgroup of G.

Proor — By Lemma 2.3, P is a normal subgroup of G. If G is not
Chernikov, then every non-abelian subgroup of G is subnormal,
by [27, Theorem C(i)]. In this case the result follows from [10, Lem-
ma 3.3]. If G is Chernikov then G = P x Q, for some Sylow p’-sub-
group of G, by [7, Theorem 2.4.5]. Furthermore, by Lemma 2.1, G/P
is locally nilpotent so Q is also locally nilpotent. However the Sylow
g-subgroups of G are abelian for q # p and it follows that Q is
abelian. 0

Lemma 3.3 Let G € A* and suppose that the Sylow p-subgroup P of G
is non-abelian. Suppose that G is not locally nilpotent and G = P x Q, for
the abelian Sylow p’-subgroup Q. Then [P/, Q] = 1.
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Proor — We note that P’ is abelian, by Lemma 3.1. If G is not Cher-
nikov, then the result follows by [10, Lemma 3.5], so we may suppose
that G is Chernikov. Since P is Chernikov, Q,, (P)= (x|xP" =1) is finite
for all n and P is the union of such subgroups. Since P is non-abelian,
there is a natural number k such that Q. (P) is non-abelian, for all
n > k. Let Q7 be any finite subgroup of Q with the property that
F = O, (P) x Q7 is non-nilpotent, for some n > k. Since F is finite and
all the non-abelian subgroups of F are subnormal, [10, Lemma 3.5]
implies that [Q(P)’, Q1] = 1. Since this is true for every such sub-
group Q; we deduce that [Q,(P)’, Q] = 1, and since this is true for
every m > n we deduce that [P/, Q] = 1. This completes the proof. O

Lemma 3.4 Let G € A* and suppose that G has a non-abelian Sylow
p-subgroup for some prime p. Suppose that G is not locally nilpotent. Then
P /P’ contains a finite minimal G-invariant subgroup V/P’ such that G/V
is abelian. In particular, G/Cg(V/P’) is a cyclic p'-group.

ProoF — By Lemma 3.1, P’ is abelian and if G is not Chernikov
then the result follows from [10, Lemma 3.6]. Hence we may sup-
pose that G is Chernikov. Let Q be an abelian Sylow p’-subgroup
such that G =P x Q, guaranteed by Lemma 3.2. If L is the Hirsch-
Plotkin radical of G then P < L and hence L =P x (LN Q). It follows
that LN Q < Cg(P) and that G/L = QL/L ~ Q/QNL is a finite
p’-group. Let A/P’ = Q;(P/P’). Since G is Chernikov, A/P’ is finite
and since LN Q< Cg(P) it follows that L/P’ < Cg/p/(P/P’). Conse-
quently, G/Cg(P/P’) is a finite p’-group, as is G/Cg (A/P’). It follows
from [11, Corollary 5.15] that

A/P'=A1/P' x Ay/P' x - x Ay/P/,

for certain minimal G-invariant subgroups A;/P’ of A/P’.

Suppose, for a contradiction, that A;/ P’ is G-central for all j. Then
[A,G] < P’ and [10, Lemma 3.4] implies that P/P’ lies in the upper
hypercentre of G/P’. It follows that G/P’ is hypercentral and hence
abelian so Q stabilizes the series 1 < P’ < P. Since n(P)N7(Q) = 0
we have [P, Q] = 1 and hence G = P x Q is locally nilpotent, contrary
to our hypothesis.

Consequently there exists a factor Ay, /P’ which is not G-central.
Then A1, Q/P’, and hence A, Q, is non-abelian. Thus A, Q is serial
in G and the Sylow p’-subgroup QA /Anm is serial in G/An,. By
Lemma 2.3, QA is normal in G and hence [P,Q] < An,. If also
An/P’ is not G-central, for some n # m, then, as above, [P,Q] <
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Aqn. In this case we have [P,Q] < A,y NAn = P/, which leads to a
contradiction, as above. Hence, for j # m, A;/P’ is G-central and
we have [A/P/,G] = A,./P’, since A,,/P’ is a minimal G-invariant
subgroup.

Let V/P' = An/P’. Then [P,Q] < V implies that G/V =
P/V x QV/V, an abelian group since P’ < V. Finally, G/Cg(V/P’) is
an abelian p’-group so is cyclic, by [9, Theorem 3.1]. This completes
the proof. 0

ProoFf oF THEOREM A — (i) follows from Lemma 3.2.

To prove (i) and (iii) note that, by Lemma 3.4, P/P’ contains a
finite minimal G-invariant subgroup V/P’ such that G/V is abelian
and G/Cg(V/P’) is a cyclic p’-group. As in the proof of [10, Pro-
position 3.7] we deduce that P/P’ = C/P’ x [P/P’,G], where C =
Cp(Q) is abelian, C/P’ = Cpp/(G) and [P/P’,G] = V/P’. Since P =
CV and CNV = P’ it follows that P/C and V/P’ are G-isomorphic.
Then G/Cg(P/C) ~ G/Cg(V/P’) is a cyclic p’-group.

(iv) follows from Lemma 2.6.

Next let D = [P, Q] so that V = DP’. As in the proof of [10, Propo-
sition 3.7] we deduce that D NP’ < ((D) and P = CD. Further-
more, P/P’ = C/P’ x DP’/P’. Clearly D’ < D NP’ < ¢(D). Since
V/P’ = DP//P’ ~ D/(D NP’ it follows that D/(D N P’) is a finite
G-chief factor so either D = (D) or DNP’ = {(D). In the former
case D is abelian and, as in the proof of [10, Proposition 3.7], a con-
tradiction is obtained. Hence D NP’ = ¢(D) and D/{(D) is a finite
G-chief factor. Since D is non-abelian it follows that D/((D) has order
at least p2.

Suppose, for a contradiction, that D’ # ((D). Since P’ < Cp(Q)
and D NP’ = ¢(D) we have Cp ,p/(Q) # 1. By [2, Proposition 2.12]
we have D/D’ = E/D’ x B/D’, where E/D’ = Cp ,p/(Q) and

B/D’ = [D/D’,QD’/D’] = [D,QID’/D".

Since E/D’ # 1, B # D. Since the p’-group Q stabilizes the series
1<D’<Ewehave [E,Q] =150 E < C.Then P =CD = CEB = CB
and

D =[P,Ql =[CB,Q] =[B,Q] <B,

which yields our contradiction. Hence D’ = {(D).
Since D/{(D) is an elementary abelian p-group we have D’ =
((D) = Frat(D), the Frattini subgroup of D. If y is an arbitrary el-
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ement of D, then y? € D’ = {(D) and so, for arbitrary x € D,
we have [x,ylP = [x,yP] = 1. Hence D’ is elementary abelian so
that D = [P, Q] is special. Finally, since D/{(D) is finite, D’ is finite,
by [25] and it follows that D is likewise finite.

Since D/((D) is a G-chief factor and P is a normal locally nilpo-
tent subgroup we have D/((D) < ¢(P/¢(D)) so [P,D] < ¢{(D) = D’.
Hence [D,P,D] = [P,D,D] = 1 and, by the three subgroup lemma,
we deduce that [D’/,P] = 1 so that D’ = ((D) < ((P). However,
D’ < Cp(Q) = C and D/D’ is a G-chief factor so D’ = D N C. This
completes the proof of (v) and (vi).

The equation P = Cp(Q)D implies that [P, (g)] < D. By Lemma 2.6,
D/D’ is a (g)-chief factor so that [D,(g)ID’/D’ = D/D’. However,
D is special, so D’ = Frat(D) and we obtain D = [D, (g)]. Thus (vii)
follows and (viii) follows easily.

To prove the converse, assume that G is a group satisfying con-
ditions (i)-(viii). Let H be a non-abelian subgroup of G. Then H =
(HNP) x U, where U is a Sylow p’-subgroup of H. Since H is non-
abelian, HNP # 1. Also |G : Ng(Q)| is finite, so the Sylow p’-sub-
groups of G are conjugate in G by [7, Lemma 2.3.2]. Hence with-
out loss of generality we may suppose that U < Q. Note that if
U < Cg(P) then H = (HNP)U is subnormal in G since PCq(P)
is nilpotent. Hence we may suppose that U % Cq(P). Since H is
non-abelian, (ii) implies that HN P i C = Cp(Q). By (iv), P/Cis a
U-chief factor and hence P = (HNP)Cand W =[HNP, U] fﬁ C. Thus
HNP,U < [P,U =D and CND = Frat(D) does not contain W.
Hence WFrat(D)/Frat(D) # 1. The subgroup W is U-invariant so

WPFrat(D)/Frat(D) = WYFrat(D)/Frat(D) = D/Frat(D).
Hence D = WFrat(D) so that W = [HNP,U] = D. It follows that

D < H and since G/D is abelian, H is normal in G. This completes
the proof. O

4 Structure of A*-groups with abelian Sylow
p-subgroups for all primes p

In this short section we assume that the Sylow subgroups are always
abelian. The next result follows in precisely the same manner as the
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corresponding result, Lemma 4.3, of [10].

Lemma 4.1 Let G € A*, suppose that G is not locally nilpotent and that
the Sylow q-subgroups of G are abelian, for all primes q. Then G’ is a
p-group, for some prime p.

Proor ofF THEOREM B — If G € 2* then conditions (i)-(iv) hold using
a similar proof to [10, Theorem 4.4], so we merely prove the converse
and assume that G is a group satisfying the conditions. Let H be a
non-abelian subgroup of G. Then H = (PN H) x U, where PN H is the
normal (abelian) Sylow p-subgroup of H and U is an (abelian) Sylow
p’-subgroup of H. As in the proof of Theorem A we may suppose
that U < Q. Since H is non-abelian, PNH # 1 and also [PNH, U](# 1)
is H-invariant. Clearly [P N H, U] < [P, Q]. Since H is not nilpotent,
condition (iv) implies that [P, Q] = [PNH, U] < H. Since G/[P, Q] is
abelian it follows that H is normal in G, as required. ]

The following corollary is essentially observed in [277, Theorem C(i)].

Corollary 4.2 Let G be a locally finite group that is not locally nilpotent.
The following are equivalent:

(i) Every non-abelian subgroup of G is serial in G;
(ii) Every non-abelian subgroup of G is ascendant in G;
(iii) Every non-abelian subgroup of G is subnormal in G.

For locally nilpotent groups this result is clearly not true since, as
we mentioned in the Introduction, every subgroup of a locally nilpo-
tent group is serial and for locally finite groups the converse also
holds. We note also that J. Wilson [40] has constructed an example
of a group G in which every subgroup is serial, but which is not
locally nilpotent. However groups whose subgroups are ascendant
form a proper subclass of the class of locally nilpotent groups (see
the comment after Theorem 13 of [4]). On the other hand groups
whose subgroups are all subnormal are soluble [23], but there exist
insoluble, periodic hypercentral groups, it being clear that in a hy-
percentral group every subgroup is ascendant.
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5 Structure of locally finite groups whose
non-abelian subgroups are permutable

In this section we discuss locally finite groups whose non-abelian
subgroups are permutable.

Lemma 5.1 Let G be a group and let L be a normal subgroup of G. Let K
be a subgroup of L and let g € G be such that LN (g) = 1. If K(g) = (g)K
then K{9) =K.

ProOF — Let H = K(g) = K(9)(g). Then
K{9) = K(9 nK(g) = K(K'9 n(g)) =K,
by hypothesis. 0

We shall need the following old result due to L. Redei [28].

Lemmas.2 Let G be a finite non-abelian p-group whose proper subgroups
are abelian. Then G is one of the following types:

(i) G is quaternion of order §;

(ii) G = (a,b) and |a| = p¥,|b| = pt,a® = a™, where m =1 +pkHt,
k>2,t>1and |G| =pktt;

(i) G = (a,b) and |a| = p¥,[b| = pt, [a,b] = ¢, |c| = p, |G| = pK+t+T1.

Proor oF THEOREM C — Every permutable subgroup of a group is
ascendant, by [38] and hence we can apply Theorem A. Then G =
P x Q, for some abelian Sylow p’-subgroup Q. Let C = Cp(Q), a
G-invariant abelian group. Also D = [P, Q] is a finite non-abelian
special p-group and D/D’ ~ P/C is a G-chief factor. Hence D/D’ is
P-central.

Let K be a minimal non-abelian subgroup of D. Then K i D’ since
D’ is abelian and, as K is permutable in G, Lemma 5.1 implies that
K is Q-invariant. Hence KD’/D’ is G-invariant so KD’ = D. Then
D/D’ ~ K/(KND’) is elementary abelian and Lemma 5.2 shows that
it has order p2. Thus D/D’ = (aD’,bD’), for some a,b € G and since
D’ = Frat(D) it follows that D = (a,b). Moreover, ¢ = [a,b] € {(D)
and has order p. Hence |D| = p3. Lemma 5.2 shows that D is a
quaternion group, or D is a non-abelian group of exponent p, or D =
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(a) x (b), where |a| = p?,|b| = p and a® = a'*P. However, in the lat-
ter case (a) is characteristic in D so (aD’) is a G-invariant subgroup
of the G-chief factor D/D’. Then D/D’ = (aD’) has order p, which
is impossible by Theorem A. Hence D is quaternion or non-abelian
of exponent p.

The factor group G/Cg(D/D’) is a cyclic p’-group, so let g € Q
be such that G = (g)Cg(D/D’). Since D/D’ is G-chief, there exists
an element y € F,(g) such that (aD’)Y = bD’ and hence a¥ = b or
a¥ = bek, for some k such that 1 < k < p, where we note thatif p = 2,
then ¢2 =b and if p > 2 then cP? = 1. Suppose that d € Cc(a, b) and
d ¢ (a,b). Since d € C = Cp(Q) and y € Q we have (ad)¥ = bd or
(ad)¥ = bckd. However, bd, bc*d are not in (ad, b) since ¢ € (ad,b),
but a ¢ (ad,b). Hence (ad)V ¢ (ad,b), contrary to Lemma 5.1, as
(ad,b) < P, butP N (y) = 1. Consequently, Cc(a,b) = (c).

Suppose that C # Cc(a). Then C/Cc(a) has order p and there is
an element u such that C = (u,C¢(a)). Then (u, a) is non-abelian.
Again we have a¥ =b or aVY = bek, for 1 <k < p so that ay ¢ (u, a)
and we obtain a contradiction to Lemma 5.1. A similar contradiction
is reached if we suppose that C # C¢(b). Hence C = (c) and P = D.
The conditions (i)-(viii) given in the the statement of the Theorem
now hold.

Conversely, suppose that G satisfies the conditions (i)-(viii), let H
be a non-abelian subgroup of G and let P = (a,b). Then H =
(HNP) x U, where U is a Sylow p’-subgroup of H. Since H is non-
abelian we have HNP # 1 and, as in the proof of Theorem A, we may
suppose that U < Q. If HN P is non-abelian then HN P = P, by (ii),
which is normal in G so H is normal in G, since G/P is abelian.

If HN P is abelian, then either [HNP| = p or [HNP| = pz. By (iii)
we have ¢ = [a,b] € {(G), so HNP # (c). Hence HN P # P’. Since H
is non-abelian we have U % Cq(P) so, by (v), P/ P’ is a U-chief factor.
Since HN P is U-invariant it follows that P = (HN P)P’. We deduce
that P = HN P, which is a contradiction since P is non-abelian. This
completes the proof. O

Theorem D is an immediate consequence of Theorem B.

6 The structure of some non-periodic groups
whose non-abelian subgroups are permutable

Finally, in this section we turn to the proof of Theorem E. We require
the following preliminary result.
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Lemma 6.1 Let G be a locally graded group whose non-abelian subgroups
are permutable. Suppose that G is not locally nilpotent and that the 0-rank
of G is at least 2. If G contains a non-abelian p-subgroup, for some prime p,
then the Sylow p-subgroup P of G satisfies the following:

(i) P« Gand P=G’;

(i) P has order p3 and is either a quaternion group or a group of expo-
nent p;

(iii) P/P’ is a (g)-chief factor for each g ¢ Cg(P/P’);
(iv) P' < C(G);

(v)) G =P xQ, for some abelian subgroup Q;

(vi) G/Cg(P/P’) is a cyclic p’-group;

(vii) Cg(P) =P’ x Cq(P/P’) is abelian.

Proor — By [6, Lemma 2.8], G’ is finite and hence G is an FC-group.
It follows from [39, Theorem 1.4] that G/((G) is periodic. Let F be a
free abelian subgroup of ((G) such that {(G)/F is periodic and note
that G/F is then locally finite, since it is a periodic FC-group. We note
that every non-abelian subgroup of G/F is permutable. Let T be the
torsion subgroup of G so that TNF = 1. Remak’s theorem implies
that there is an embedding

G — G/T x G/F.

However G/T is abelian, by [39, Theorem 1.6], so G/F is not locally
nilpotent, since G is not locally nilpotent.

Let R be a non-abelian p-subgroup of G and let P denote a Sylow
p-subgroup of G containing R. Then P is non-abelian also and hence
|P| > p3. Furthermore G/F contains a non-abelian Sylow p-subgroup
Py /F which is normal in G/F and of order p3, by Theorem C. It fol-
lows that P;/F = PF/F ~ P and since P;/F is a quaternion group or
non-abelian of exponent p, the same is true for P.

By Theorem C we have (G/F)’ = G'F/F = PF/F so that G’ <PF.
Since P is the torsion subgroup of PF and G’ is finite we have G’ <P
so G'=P. Hence P is normal in G. Again by Theorem C, we have
P'F/F<C(G/F)so [P/,G] < FNP =1 and hence P’ < {(G).

If g ¢ Cg(P/P’) but [gF, PF/F] < P'F/F, then [g,P] < P'FNP = P/,
which is a contradiction. Hence gF ¢ CG/F((PF/F)/(P’F/F)) and, by
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Theorem C, (PF/F)/(P'F/F) is a (gF)-chief factor. From this, it follows
that P/P’is a (g)-chief factor. Since Cg (P/P’)/F=Cg /¢ (PF/F)/(P'F/F)),
Theorem C implies that G/Cg(P/P’) is a cyclic p’-group.

Theorem C also implies that G/F = P1/F x Q/F for some subgroup
Q and since Py = PF we deduce that G = P x Q. Of course Q is
abelian, since P = G’. Finally since p ¢ TI(Q) and P’ < ((G) we
have Cq(P/P’) = Cq(P) and it follows that Cg(P) = P’ x Cq(P) =
P’ x Cq(P/P’) is abelian. This proves the result. O

Proo¥ oF THEOREM E — As in the proof of Lemma 6.1, G’ is finite,
G is an FC-group and there is a free abelian subgroup F of ((G)
such that G/F is locally finite, but not locally nilpotent. We note that
every non-abelian subgroup of G/F is permutable so we may apply
Theorems C and D where appropriate.

Suppose first that the Sylow s-subgroups of G/F are abelian for
all primes s. By Theorem D there is a prime p such that the Sy-
low p-subgroup P/F of G/F is normal and also there is an abelian
p’-subgroup Q/F such that G/F = P/F x Q/F. Furthermore P/F =
C/F x D/F, where C/F = Cp¢(Q/F) and D/F = [P/F,Q/F] = G'F/F
is a minimal G-invarant subgroup of G/F. Then D = G’ x F since
G’ is finite. Since G’ is G-isomorphic to D/F it follows that G’ is a
minimal normal subgroup of G, so is an elementary abelian p-group
for some prime p. As in the proof of Lemma 6.1 we can prove that
Cg(G'")/F = Cg/¢(D/F) which implies that G/Cg(G’) is a cyclic
p’-group. By Theorem D, Cg(G’)/F = Cg, ¢(D/F) is abelian and
hence Cg(G') < FNG’ =1, so Cg(G’) is abelian. Finally in this
case, if g ¢ Cg(G’) then gF ¢ Cg /¢(D/F) and, by Theorem D, D/F is
a (gF)-chief factor. It then follows that G’ is a (g)-chief factor. There-
fore we have (I).

Suppose now that G/F has a non-abelian Sylow p-subgroup R/F for
some prime p. Then Theorem C shows that R/F is a finite p-subgroup
of order p3 and is either quaternion or of exponent p. Furthermore
R/F = G'F/F. However, G’ is finite soR=G’ x Fand P = G’ ~ R/F is
non-abelian of order p3. In this situation Lemma 6.1 applies so that
G is a group of type (I).

Conversely, suppose that G is a group of type (I) and let H be
a non-abelian subgroup of G. Then 1 # H’ < G’. Since Cg(G’)
is abelian H % Cg(G’). Let 1 # a € H’ and let g € H be such that
g ¢ Cg(G’). Since G’ is a minimal (g)-invariant subgroup we have
<a)<9> = G’. Hence G’ < (qa, g) < H, so H is a normal subgroup of G.
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Finally, suppose that G is a group of type (II) and let H be a
non-abelian subgroup of G. Since Cg(P) is abelian, H ;E Cg(P). If
p ¢ TI(H) then HN P = 1 and property (IId) implies that H is abelian,
a contradiction. Hence the Sylow p-subgroup P NH of H is nontrivial.
If PN H has order p3, then PN H =P = G’ < H so that H is normal
in G. Suppose then that P # PNH. If PNH = P’ then H < P’ x Q
so that H is abelian, contrary to our assumption. Hence HNP # P’
and H % Cg(P), since H is non-abelian. Hence there is an element
a € (HNP)\ P/, and there is an element g € H such that gCg(P) is a
nontrivial p’-element. It follows that g ¢ Cg(P/P’) and our hypothe-
ses imply that (a){9)P’/P’ = P/P’. Since P’ = Frat(P) we deduce that
(a){9) = P. Hence HN P = P, contrary to our assumption.

The result follows. O
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